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INTRODUCTION

Motivated by ambitious space programs, vibrations of large scale flexible space
structures have been an active area of research among others. Such structures are
usually comparatively light weight and as a consequence are likely to be flexible. Due
to building of larger and more flexible structures, the analysis and design of flexible
mechanical systems has steadily gained in importance. The approach has been to study
a prototype model, such as, a long flexible rectangular panel attached to a movable rigid
body (hub) at one end to represent a Solar Cell Array. In general moderate disturbance
may result in moderate frequency vibration in the system due to its flexibility and the
most important problem for these flexible structures is to suppress the vibrations to
assure a good performance.

Mechanical systems of the above prototype consisting of coupled elastic part and
rigid part, constitute the class of hybrid systems. Such systems occur elsewhere also,
such as in robots with flexible arms, spacecraft with flexible appendages or a flexible
beam (mast) joining two rigid bodies—one representing Space Shuttle Orbiter consid-
ered fixed and the other representing the Antena Reflector. In fact, the hybrid systems
encompass a rather extensive class and the investigation to control and stabilize their
vibrations—are frontier area of research for theoretical as well as experimental under-
stanging, forming the substance of this Thesis.

The discrete coordinate system can be a convenient practical approach to describe
the dynamical-response analysis of a space structure. Due to representation of motion by
a limited number of displacement coordinates, the formal action can only appfoxima.te
the actual dynamical behavior. The precision of the result towards the actual behavior
can of course be improved by increasing the number of degrees of freedom infinitely.
In mathematical formalism, the dynamical consideration of a system of infinitely many
connected points leads to differential equations in which the position coordinate acquires
the role of an independent variable. In as much as the time is also an independent
variable like the position coordinate, the formulation of the equations of motion in this
way leads to partial differential equations with two independent variables (time ¢ and
space coordinate z). The system is thus commonly known as distributed parameter
system.

The vibrations of flexible space structures are thus problems of dynamcal system
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theory governed by partial differential equations. These types of problems are very
significant from mathematical point of view also. Mechanical engineers are primarily
interested in structural analysis that means, determination of stress and displacement
distributions under prescribed loads and ‘constraints; free and forced vibrations that
means, computation of nodes and natural frequencies; problem of parametric excitation
and elastic stability (buckling of columns and plates) and optimal structural design of
elastic system (cf. Clough and Penzien [17], Meirovitch [60], Timoshenko and Gere [84]).
On the other hand, some possible objectives of control engineers are the determination
of distributed or boundary value control variable (loads, frequency, bending moments
etc.) to obtain a desired dynamic behavior of the elastic system under consideration and
application of Lyapunov’s stability theory (cf. LaSalle and Lefschetz [45]) for solving
kinematic stability problem (Timoshenko et al. [85], Ray and Lainiotis [75)).

A very common approach to treat the vibration problem in engineering literature,
is to decompose the vibration into normal modes and retain the first few modes to
reduce the problem to finite dimensional state-space representation governed by ordinary
differential equations (cf. Fukuda ef al. [22,23,24], Bontsema et al. [3], Matsuno et
al. [59], Sakawa and Luo [79]). This approach is termed ‘modal’ analysis. However,
considering the dynamic response for this reduced finite set of equations does not always
guarantee that the same response will work on the original set of equations. In fact,
since the actual number of modes of an elastic system is infinite, the number of modes
that should be retained is not known a priori.

Research in the area of exact controllability and boundary stabilization problems for
distributed parameter systems have been developing in a significant manner. The most
common classes of vibration control mechanisms are of passive, active and of hybrid
type. Passive vibration control uses resistance devices that absorb vibration energy.
Active vibration control is also like that, but involves the use of force actuators linked
with external energy. Hybrid vibration control is a combination of passive approach
with active control. The objective is to bring the vibrations to null in some finite time
T. From mathematical point of view, exact controllability at time T > 0 of a system
states the capability, using a suitable control function defined in [0,T], to steer the
system from an arbitrary initial state say, (uo,vo) in some Hilbert space H to an
equally arbitrary desired final state say, (ur,vr) in H at the time T. In particular,
when the final state (ur,vr) = (0,0), the corresponding property is termed as null
controllability and when the initial state (ug,v) = (0,0), the corresponding problem
is called reachability. Approximate controllability is usually stated in the context of
approximate reachability, the ability to drive the system from some initial state (20, v0)
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to the set of final state (ur,vr) dense in the space H. The associated type of stability
most commonly studied in the mathematical literature are strong stability and uniform
stability. A system is called strongly stable, if the energy E(t) of each solution of the
system converges to zero as time ¢ — +o0o. If the convergence is uniform for ¢ > 0
with respect to all initial data in the energy space for which E(0) < oo, the system is
called uniformly stable. If the stability property can be achieved due to incorporation
of a stabilizer or a damping device applied on the boundary, the system is then called
boundary stabilizable.

Research on problems of controllability and stability for distributed parameter sys-
tems has started in an extensive way dating back to the seventies (cf. Russell [77,78],
Graham and Russell [31], Lagnese [40,41], Chen [6,7,8]) and the idea was first applied to
the flexible system governed by wave equation. The theory of exact controllability for
second order hyperbolic equation with standard boundary conditions has been studied
by several authors (cf. Chen [6], Lions [52], Ho [32], Zuazua [89]), and they have com-
mented on performance limitations. To study exact controllability, a systematic method
named, HUM for ‘Hilbert Uniqueness Method’, based on uniquess results and on Hilbert
spaces constructed by using uniqueness, avoiding normal modes altogether has been in-
troduced by Lions [52], for distributed systems governed by second order wave equation
and fourth order Petrowski equation with Dirichlet and Neumann boundary conditions.
In contrast, Chen [6] has achieved the exact controllability result for wave equation in a
bounded domain by stability method. Ho [32] established it by means of a minimization
problem corresponding with its adjoint system and has shown the observability of the
adjoint system by multiplier technique. He considered one dimensional wave equation
with variable wave speed and locally distributed control as a model and later in the
paper [33], he obtained a case of approximate controllability of the system by treating
a problem of coupled strings with control applied at the coupled points. Zuazua [89)]
studied the semilinear wave equation in the bounded domain with both Dirichlet and
Neumann boundary conditions to obtain the exact controllability result by HUM while,
by dynamic programming arguments, a strongly damped wave equation with Dirichlet
boundary condition was treated by Bucci [5].

There has been extensive work in the.last decade on boundary stabilization of wave
equation (cf. Chen [8,9], Lagnese [42,43], Lasiecka and Triggiani [46], Komornik [37],
Komornik and Zuazua [38]). In summary, the pioneering work was first started since
early sixties in a study aimed at achieving energy decay rates for the wave equation
exterior to a bounded obstacle (the so called exterior problems) (cf. Morawetz [63], Lax
et al. [50]), and investigations had been continuing till the mid-seventies (cf. Morawetz
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et al. [64], Quinn and Russell {70], Strass [83]). These efforts brought forward several
energy identities, which were then used to obtain energy decay rates under suitable
geometrical conditions on the boundary of the obstacle. On the other hand, the study
of the analogous problem in boundary domains with an ‘energy absorbing’ boundary
began in the seventies (cf. Russell [77], Rauch and Taylor [74], Slemord [82]). The latter
kind of problem is more difficult than the exterior problem, since the latter enjoys the
advantage that the energy distributes itself over an infinite region as time { — oo.

To investigate the latter kind of problem, Chen [6] first obtained the energy decay
rates (uniform stabilization) for the interior problem, under some natural geometrical
conditions on the domain, by adapting the multiplier technique developed earlier for the
exterior problem. His later paper [7] relaxed the geometrical conditions on the domain
by employing this time a new energy functional discovered by Strass [83] in the study
of exterior problem. Later considering some energy functional, Lagnese [42] managed
to relax even further the geometrical conditions on the domain under which an energy
decay rate is obtained. Using one dimensional wave equation with distributed viscous
damping as a model, Chen et al. [10] has shown an asymptotic average decay rate of
eigen modes equal to the damping rate of the high frequencies of the wave. The result
of uniform exponential energy decay estimates for the solution of wave equation in a
bounded domain has been obtained directly by Lagnese [43], Komornik and Zuazua
(38] by suitable viscous boundary feedback and subsequently using a special kind of
feedback, Komornik [37] obtained faster energy decay rates.

Chen et al. [12] treated the problems of two coupled vibrating strings with a
stabilizer or damping device installed at the coupling point to achieve uniform as well as
non-uniform exponential decay property of vibration energy, subject to some restrictions
on the arrangement of the stabilizer and the wave velocities of the strings. For coupled
vibrating strings, the difficulty stemmed from different wave speeds in each of them.
With a stabilizer installed at the coupling point, this was successfully tackled by Liu
in [56], using frequency domain methods and in his later paper [57], the idea has been
extended to a long chain of coupled vibrating strings, where a stabilizer is installed at
each internal node and also at the boundary. It is proven that the energy of the system
decays uniformly exponentially if there is a stabilizer installed at the boundary point. If
the stabilizers are installed only at internal nodes, the energy may decay either uniform
exponentially or non-uniformly, or may not be decay at all, depending on the different
wave speeds and the stabilizer arrangement. The idea was then applied by Kim [35]
to a composite bar consisting of two different segments, only one of which is damped.
The case of serially connected strings has been treated in Lee and You [51]. Chen et al.
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[11]) have presented a general theorem on an abstract evolution equation with partially
distributed damping in which the conditions for exponential decay of energy involve
eigen values and eigen functions of the associated stationary system.

Subsequently, the idea of controllability and stability for the flexible elastic struc-
tures was extended to systems governed by Euler-Bernoulli beam equation (cf. Chen
et al. [13], Lasiecka and Triggiani [47,48], Krall [39], Morgiil [66,67]). In particular, in
Chen et al. {13}, it has been proven that, in a cantilever beam, a single non-dynamic
actuator applied at the free end of the beam is sufficient to uniformly stabilize the beam
vibrations. Two boundary controls are taken into account to study exact controllability
for Euler-Bernoulli beam problem in a bounded subspace in the work of Lasiecka and
Triggiani [47], one for Dirichlet and other for Neumann boundary control, and in their
[48], one for displacement and other for moment boundary control. On the other hand,
using the basic principal of HUM, Kim [36] has established the exact semi-internal con-
trollability of an Euler-Bernoulli beam with variable coefficients. The uniform stability
of the vibrations of a flexible structure, described by one dimensional Euler-Bernoulli
beam, clamped at one end has been treated by Krall [39), with boundary controls at
the other end and later the same has been treated by Morgiil [66], with dynamic bound-
ary control at that end. The result is then extended for rotating flexible structure in
Morgiil [67], using energy functional technique. A good source of reference for boundary
stabilization of various plate models is the work of Lagnese [44].

Controllability and Stability of the vibrations of elastic systems, particularly flexible
structures have been studied in the past. The appearence of hybrid vibrating systems
is rather common. A rigorous dynamic model of flexible space craft, in the form of a
hybrid system was first introduced by Meirovitch [61,62]. To obtain stabilization of the
system Lyapunov’s approach was used. Similar problems were later treated by Biswas
and Ahmed [2] and some simple feedbacks were suggested for stabilization. The exact
controllability and boundary stabilization of a hybrid system of elastic vibrations of an
elastic beam linked at its boundary to a rigid mass was demonstrated in Littman and
Markus [54,55]. These papers are devoted to the control design and stabilization of
SCOLE (Spacecraft Control Laboratory Experiment) model—one specific elastic struc-
ture that forms a basic type of component in many more complicated and extensive
space-environment constructions. In one specific case, Littman and Markus [55], prove
the strong stabilization together with the lack of uniform stabilization for the hybrid
model of vibrations. This type of hybrid control of an elastic structure was generlized to
two dimensional rectangular elastic plate by You [87,88], with inertial properties along
the control edge, which is rimmed with a flange of lip. The idea is extended by Markus
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and You [58] to the problem of elastic plates with suitable boundary conditions at the
three clamped sides and dynamical boundary control from the free side to obtain an ap-
proximate control system. Recently, using a method of compact perturbation, Rao [73]
has generalized the result of Littman and Markus [55], in the case the hybrid clamped
beam with an end mass, and with usual boundary feedback applied to the end with
the mass. All their investigations have shown the controllability or stability of Euler-
Bernoulli beam or wave equation, clamped at one end and free at the other, except for
feedback damping or control force.

For hybrid system, which is our main concern in this Thesis, it is important from
practical point of design as well as theoretical challenge, that most interest lie in the
boundary control, pointwise control or even pointwise boundary control. Most of the
work in this area has dealt with the problems of boundary control applied at free end
and clamped on the other end. Actually for this class of system, the most common
practical problem generally occurs when it is very difficult or undesirable to apply the
boundary control at the free end of the elastic part where as to apply it on the rigid
part is easier to obtain a good performance of the overall system. This type of hybrid
problems are very significant from mathematical point of view.

In this Thesis, the exact controllability and boundary stabilization of hybrid elastic
structure composed of a rectangular flexible panel and with a rigid hub at one end,
totally free at the other end will be analyzed and investigated systematically by a control
force or torque applicable on the rigid hub only. Among the various types of vibrations of
~ elastic systems, the main types of vibration viz., the rotational or torsional vibrations
and transverse or flexural vibrations of beams or plates are considered separately to
study the exact controllability and boundary stabilization of the system. Basically,

these two types of vibrations under consideration are mathematically represented by
the linearized equations

8¢ 32¢
™ (0-1)
8%y oy

respectively. In the torsional vibration equatlon (0.1), known as the wave equation, ¢
denotes the rotational deflection at any point (z,t) and the parameter ¢ the torsional
wave velocity, depending on the torsional rigidity of the material and the radius of
gyration about the the neutral axis of the structure. In the flexural vibration equation
(0.2), known as the Euler-Bernoulli beam equation, y denotes the transverse deflection
at any point (z,?¢) and the parameters m, EI respectively the mass per unit length
and flexural rigidity of the structure.
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We know that all structural vibration are attenuated, more or less quickly by inter-
nal dissipative mechanism, unless some external forces provide continued excitation. In
endeavour we intend to incorporate certain simple models incorporating internal dissi-
pation or material damping. Our criteria for admitting internal damping term includes
correspondence with physical reality as evident by experiment and well-posedness from
mathematical point of view. In part to account this progressively, we consider the damp-
ing mechanism commonly referred to as the Kelvin-Voigt damping (dashpot in series
with a spring), after prominant English and German physicists of last century. For this
type of damping it is supposed that the dissipative forms are obtained from the velocity
in essentially the same way as restoring forces are obtained from displacement. In the
case of the torsional and flexural vibrations the approximate equations (0.1) and (0.2)
respectively become

a’¢ _ ,0% 0%

- 0.3
522~ ¢ 52  Masan (0-3)
and
0%y o'y &y
ZJ = 04
m ot? + EI(G::“ t ﬂa:::‘at) 0 (0-4)

where p > 0 is the internal damping parameter. In the literature (¢f. Christensen [16])
more complicated models of internal damping have been proposed, but the Kelvin-Voigt
model has been chosen to make the treatment as simple as possible.

For the sake of simplicity and easy readability, we devide the whole work of the
Thesis into two parts. In Part I, we have demonstrated the exact controllability of
torsional vibration as well as flexural vibration of a hybrid system consisting of an
elastic rectangular panel with a rigid movable hub at one end and totally free at the
other (such as solar cell array). An active control force or torque is applied on the rigid
hub of the panel to suppress the vibrations exactly, when motion is set from given initial
displacement and velocity along the length of the panel. We have studied the exact
controllability after making the problems more realistic by incorporating small internal
material damping of the structure as alluded above. In Part II, we have presented
uniform boundary stability results of these problems by means of exponential energy
decay estimates of the form

E(t) < Me™®E(0), t>0 (0.5)

for some reals M > 1 and B > 0, by employing a viscous damping at the hub
end only. In this part, we have also worked on the mathematical problem of uniform
stability for the solution of internally damped wave equation

¥’ = Ay + pdy’ (0.6)
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and with a more complicated standard linear model of viscoelasticity for internal damp-
ing,

Y+ N = Ay + pAy') (0.7)
in a bounded domain Q in R™ with piecewise smooth boundary T' (0 < A < p)
to obtain the result (0.5) in explicit form, where prime denotes the differentiation with
respect to time and A, the Laplacian in R™ taken in the space variables.

The outline of this Thesis, divided into two parts, is as follows:

Part I, comprises the exact controllability problems and consists of five Chapters,
namely, Chapters 1 to Chapter 5; while Part II  comprises uniform stability problems
and consists of six Chapters namely, Chapter 6 to Chapter 11. In fact, Chapter 6 to
Chapter 9 involve the boundary stability problems relating to Chapters 1 to Chapter 4
and Chapter 10 to Chapter 11 involve two mathematical uniform stability problems of
generalized viscoelastic damping.

In Chapter 1, we have made a detailed discussion of the exact controllability of
torsional vibrations of a rectangular panel hoisted by a rigid hub at one end. We first
formulate the physical problem into mathematical analogy. Due to installation of the
hub at one end of the panel, its dynamics leads to a nonstandard boundary condition
and as a whole the system becomes a hybrid system of dynamics. It is shown that the
whole system is exactly controllable for a time T > 2I/c, where ! is the length of the
panel and c¢ the torsional wave velocity, by means of an active control torque applied
on the rigid hub only. The technique used to establish the exact controllability result is
the Hilbert Uniqueness Method. The mathematical development is given in detail, so
that the techniques are easily comprehensible in the subsequent chapters.

In Chapter 2, we have incorporated small internal damping of the material to the
governing equation of the problem discussed in Chapter 1, to achieve a more realis-
tic model from practical point of view. The internal damping is modeled according
to Kelvin-Voigt viscoelasticity. In this case also we have established the exact con-
trollability result using HUM, by means of a suitable boundary control torque applied
on the rigid hub only. An estimated minimum time for exact controllability for the
corresponding system has also been obtained theoretically.

In Chapter 3, we have made a detailed discussion of the exact controllability of
flexural vibrations of the hybrid structure conmsisting of a rectangular flexible panel
with a rigid hub at one end. After presenting the mathematical formulation of the
problem, using HUM the exact controllability result as well as the minimum time of
exact controllability, is achieved by means of an active boundary control force applied
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on the rigid hub.

In Chapter 4, we have included small internal damping of the material based on
Kelvin-Voigt model, to the problem considerd in Chapter 3, so that from physical point
of view the problem becomes more realistic. It is shown that vibration of the overall
system can be driven to rest by means of a suitable boundary control force applied
on the rigid hub only. Also an estimate of the minimum time of control is obtained
theoretically by HUM.

In Chapter 5, we have constructed a closed form appproximate numerical scheme
for the problem discussed in Chapter 3, by Galerkin’s residual technique to support
and implement the method from practical point of view. An approximate closed form
solution together with approximate boundary control are elicitted from the scheme.

In Chapter 6, we have made a detailed discussion on boundary stabilization for
the torsional vibrations of the hybrid system presented in Chapter 1. The uniform
exponential decay of energy of the form (0.5) is obtained directly for the solution of
such formulation for torsional vibrations of the panel with viscous boundary damping
at the hub end only.

In Chapter 7, we have presented the boundary stability result for internally damped
torsional vibration problem described in Chapter 2. We have achieved explicitly the uni-
form exponential energy decay estimate for the corresponding solution of the problem,
by considering only a viscous boundary damping at the hub end.

In Chapter 8, we have discussed the uniform boundary stability for the flexural
vibrations of the hybrid system described in Chapter 3. An explicit form of uniform
exponential energy decay rate is established for the solution of such problem for small
vibrations of the panel with a viscous boundary damping at the hub end.

In Chapter 9, we have made an illustragftion on boundary stabilization for the
internally damped flexural vibrations problem described in Chapter 4. The uniform
decay of solution by means of exponential energy decay estimate is substantiated directly
for such formulation by employing a viscous boundary at the hub end only.

In Chapter 10, we have made a detailed demonstration on internally damped wave
equation (0.6) in a bounded domain Q in R™ with piecewise smooth boundary T
under mixed undamped boundary conditions. We have briefly expressed the surrounding
literatures and objective of presentation. An uniform exponential energy decay rate of
the form (0.5) is explicitly established for the solution of this type of boundary value
prablem.



Introduction

In Chapter 11, we have manifested the boundary stability of internally damped
wave equation of the form (0.7) in a bounded domain £ in R"™ as a more realistic
form by the treatment of the model equation as ‘standard linear model’ of viscoelasticity.
We have briefly discussed the physical motivation behind it. The uniform exponential
energy decay rate of the form (0.5) is explicitly obtained subject to mixed boundary
conditions.

Finally, in Chapter 12, we have presented the concluding discussion where we have
summarized the objectives and achievements of this work. We have also deliberated
upon the strength of the work, and briefly focussed the scope of further work.

10



Part I - EXACT CONTROLLABILITY



CHAPTER 1

EXACT CONTROLLABILITY OF TORSIONAL
VIBRATIONS OF A FLEXIBLE PANEL

1.1 Introduction

Mathematical control theory of distributed parameter systems is currently under
extensive study, in view of application of vibration control of various structural elements.
The torsional vibrations of elastic space structures are the problems of dynamical system
governed by partial differential equations. The problems of controllability and stability
of second order hyperbolic equation with standard boundary conditions has been studied
theoretically by a number of authors (cf. Chen [6,7,8], Lions [52], Morgiil [65]) and have
been commented on the performances. To study exact controllability, a systematic
method named HUM (Hilbert Uniqueness Method), has been introduced by Lions [52]
for distributed parameter systems, governed by the second order wave equation and the
fourth order Petrowsky equation with Dirichlet and Neumann boundary conditions. In
contrast, taking into account only the first few modes of vibrations, after decomposition
into normal modes, to reduce the vibration problem into finite dimensional state-space
form, is a very common approach for treatment in engineering literature (cf. Fukuda, et
al. [22,23,24]).

In this Chapter, we formulate a distributed hybrid dynamical model of torsional
vibrations of a large flexible space structure such as, solar cell array and examine the
exact controllability of the dynamics of the system. This type of model usually consist of
coupled elastic and rigid parts, constituting a hybrid system. Due to complexity of the
dynamics and need to control with high-quality performance of the whole system, it is
necessary to apply suitable control force or torque on the system. Earlier, Littman and
Markus {54,55] and later Rao [72,73] treated this type of problem and have shown the
ability to control or stabilize vibrations modeled by wave equation or Euler-Bernoulli
beam equation, clamped at one end and control force or feedback damping applied on
the other end. But application of control force or feedback damping on that end of the
elastic part is very difficult or undesirable in practice.

As a simple model, here we consider the problem of torsional vibrations of an elastic
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rectangular panel hoisted by a movable rigid hub at one end and totally free at the other
end. The dynamics of vibrations is governed by one dimensional wave equation. Instal-
lation of the hub at one end of the panel leads to a nonstandard boundary condition and
as a whole the system becomes a hybrid model. An active control force is applied only
on the rigid hub to suppress the vibrations of the system exactly following prescribed
initial motion, without applying any constraint at the free end. The investigation has
also put forward an estimated least time of exact controllability in the framework of
HUM.

1.2 Mathematical Formulation

The physical model to be considered here is a simple type of structure consisting
of a uniform rectangular flexible panel of unit width and length [ held at one end by
a rigid hub of mass ms and totally free at the other end. The hub end considered
as lumped mass is capable of motion under the action of control. Qur objective is to
control the vibrations of this system exactly (to the case of null controllability), by
application of a suitable active control torque Q(¢) to the rigid hub, in some finite
time interval [0,T} when it is initially set in motion.

Q(t)
» ANEL
CC(nvn e P Cx
¢h(t ‘ ¢P($7t)

Figure 1.1. Schematic of the rigid hub and the panel for torsional vibrations.

Referring to the schematic Figure 1.1,if ¢4(t) is the rotation of the rigid hub and
@p(z,t) that of the panel at the position z along the span of panel relative to the hub
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at time ¢, then the total rotational angle
B(z,t) = ¢n(t) + ¢p(z,1), 0<z<l, 0<t<T, (1.1)

of the panel satisfies torsional vibrations equation
é(z,t) = ¢"(z,1), 0<z<L0<t<T, (1.2)

under the assumption that rate of change of ¢ along the length of the panel i.e.,
|¢'(z,t)| is very small, where dots and primes denote differentiation with respect to
time coordinate ¢ and space coordinate z respectively, and c¢* = D,/ppJ,. The

constants D,, p,, J, are respectively the torsional rigidity, the density and the radius
of gyration about the central axis of the panel.

Initially at time ¢ = 0, the panel is set to vibrations with initial values
¢(z,0) = go(z) and ¢(z,0) =¢i(z), 0<z<I. (1.3)

At the hubend z = 0 where the control torque Q(¢) is applied, the equation of
motion is

Indi(t) = Dpy(0,8) — Q(2) (1.4)
where I, is the total moment of inertia of the hub about its axis of rotation. Since at

z =0 we have ¢,(0,t) = 0, yielding ¢n(t) = ¢(0,t). Also from equation (1.1), we
have ¢'(z,t) = ¢}(z,t). Equation (1.4) then becomes

$(0,t) =2 (0,t) +2Q(t), 0<t<T, (1.5)
where a = I/D, and A =1/D,. Thefree end z =1 of the panel yields the condition
d(l,t)=0, O0<t<T (1.6)

Therefore, the mathematical problem to be concerned for controllability of the torsional

vibrations of the uniform rectangular panel as described above, is governed by the hybrid
system:

& (z,1) = c*¢"(z, 1) 0<z<l,0<t<T,
#(z,0) = ¢o(z), é(z,0) = ¢1(z), 0<z <1, (1.7)
#(0,t) = ¢ (0,8) + AQ(t), ¢(I,t) =0, 0<t<T.

To study the exact controllability of the mathematical problem (1.7) at some finite
time T > 0, our aim is to find a control torque Q(t) appropriately, such that Q(t)

13
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drives the system (1.7) to rest (the desired final state) at time ¢ = T. Then the solution
of (1.7) must satisfy

#(z,T) = &(maT) = 0. (1.8)

To establish (1.8) for the system (1.7) by HUM, some auxiliary results are needed
which are in the following.

1.3 Adjoint System.

- Associated with each solution of the system (1.7), we start with 6(z,t), the
solution of its adjoint system:

6 (z,1) = c*0"(z,1), 0<z<l,0<t<T,
6(z,0) = 6y(z), 6(z,0) = 0,(z), 0<z<I, (1.9)
6'(0,t) = a 4 (0,1), ¢'(1,t) =0, 0<t<T,

under the assumption 6,(0) = 0, 6,(0) = 0. Now, for every {6p,6:} € F = L*0,1] x
H~'0,1), where H~1[0,1] is the dual space of the Sobolev space H'[0,l] of order one

given by

w0, ={f | feLo,l, 3L e 20,0},

the system (1.9) has a unique solution é(z,t) (cf. Lions and Magenes [53]) for 0 <
z<l, 0<t<T.

To each solution of (1.9), the total energy at time ¢ is defined by

t 2, .
E(t) = %/0 (6* + c*0*)dz + %ﬁaz(o,t). (1.10)

Differentiating (1.10) with respect to ¢ and using the first equation of (1.9), we have
Bt = | " 200" + 0'6')dz + (0, )H(0,2).
Integrating by parts we have,
E(t) = ¢[00, + c*ab(0,1)6(0, ).
Applying the boundary conditions of (1.9), the above finally yields
E@) =0, (1.11)
which implies that

E(t) = constant = E(0),  for 0<t< T, (1.12)

14
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where,
E(0) = %/01 (0”"(::,0) + c20'2(:c,0))dm (1.13)

since 6,(0) = 0, and thus the adjoint system is energy conserving system.

1.4 Backward System and Operator A

We next consider (z,t), the solution of a time backward system:

P (z,t) = *Y"(z,1) 0<z<l,0<{<T,
¥(z,T) =0, ¥(z,T) =0, 0<z<l, (1.14)
¥'(0,1) = a ¢ (0,1) + BoA0(0,8), ¢'(I,t) =0, 0<t<T

where ([ is a constant independent of ¢. It is clear that the solution of the non-
homogeneous boundary value problem (1.14) depends on #(0,¢), i.e., depends on the
solution of the system (1.9), and hence on the initial values 8, and 6; of (1.9). Now
for given {6, 61} in the Hilbert space F, the system (1.14) has a solution ¥(z,t) (cf.
Lions and Magenes [53]). After knowing (z,t), the functions ¥(z,0) and %(z,0)
can be obtained easily. We can therefore uniquely define an opertor A as
A{00101} = {¢1, —¢0}’ (115)
where
Yo =¥(z,0) and ¢ = ¢(z,0). (1.16)

According to Lions [52], we shall now estimate the functional

{00,613 — (A{60,61},{60,6:1})
given by

(A{60,61},{60,6:}) = /0 '(&(,1/;1 — Oyh)dz. (1.17)

For this, multiplying the first equation of (1.9) by % and that of (1.14) by 6, and
integrating over [0,l] x [0,T] after subtraction, we obtain

o a o . 1 T 6 ’ ,
/0 _/0 5;(9’90 — 0p)dzdt = cz/(; /0 %(hb — 6y’ )dzdt.

Integrating by parts and applying the boundary and initial conditions of the systems
(1.9) and (1.14), the above yields

Bty — 8 d-—za)\ﬂfrﬂzﬂtdt—zfr[éOt 0,t) — (0,£)8(0,t)] dt
[ @t — 610)ds = 3o [ 6%0,8)dt — o [ [6(0, p(0,1) — (0, )6(0, )] at.
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Again integrating by parts, the second integral after simple calculations eventually re-
duces to zero, as 6o(0) =0, 6,(0) = 0. Thus from above, we finally have

l T
/0 (Bopr — B13po)dz = c*Afo /0 6%(0, ¢)dt. (1.18)
By (1.17) and (1.18), the functional is thus estimated as
A{60,6,},{65,6:}) = '0 019pg)dz = C T020tdt 1.19)
(Mb0,0.},{00,02}) = [[@r ~Ovo)iz = C [ 6°0,at, (1

where, C = c?A\@y. For T large enough say, T > T, (Ty is estimated in the next
section), we shall show that the functional defined by (1.19) defines a norm on the initial
values {6y,6;}, equivalent to the norm on the space F, i.e.,

{60, 6:3|[,. = C/OT 6%(0,t)dt (1.20)

1.5 Estimate of the Least Control Time T,

To estimate the least time to control the system (1.7) by HUM, we need to establish
here the following two inequalities, which will be later used for observability of the
adjoint system and hence to establish the controllability of the original problem (Dolecki
and Russell [19]).

There exist positive constants Cy, C; and a number T, such that
T
Co(T = To) [60la0n + 10:ll-1100] < C [ 6%(0,0)at
< CiT (160l 20 + 116s1Fr-110,) - (1:21)

Before establishing the actual inequalities in (1.21), we shall first present the fol-
lowing two inequalities.

b / " §(0,4)dt > ———(T — Ty)E(0) (1.22)
2 Jo ’ =~ ca+ Kl 0 ’
and 1T T
— .2 —
> /0 6%(0,t)dt < -E(0) (1.23)

where K is some positive constant.

To establish the inequality (1.22) by multiplier technique, we multiply the first
equation of (1.9) by z6' and integrate over [0,I] x [0,T] and obtain

[ / z0’0dz]0 / / a:-——ﬂ"'dtdz:— / / z-—o"dtd

16
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Integrating by parts and applying the boundary conditions of (1.9), we have after a

straight forward calculations

Lo ]T_l_’.i'.2 llT.2 2012 _
[/0 o0de| — [ 0@+ [ [0 +8dtds =0,

0 2 3]
Now if we set .
X = /0 26'0dz
then we note that

-,
1X| < zsetf({)l]{:c}lfo 0'«9d:cl.

Now applying the inequality .
. 1
< Zeq? 1 b
lab| < 2(ea + eb )
for any real € > 0, we have from (1.26),

I . l cta, l
< 2, 200\70 _ _[ _ 2 ] <!
|X| < —26/0(0 +¢0%)dz = - | B(t) - —-6%(0,1)| < ~E(?)
by the energy relation (1.10). Hence,

T | 2l
x|, < E(E(T) +E(0)) = ~E(0)
by the relation (1.12).

Introducing (1.10) and (1.27) in (1.24), we have therefore

I (T o (T ., T 2
Z hlhad > _ =
. /0 gt + 5 [0 60,04 > /0 E(t)dt - ZB(0)

2]
= (T - —)E(0).
(T - =) E()
Let us take a positive constant

_ Jo 8, t)de
— T 6(0,t)dt

then it follows from (1.28) that

1 2 T o
S(Kl+c'a) /0 62(0,¢)dt > (T — To) E(0)

where,
7, =2
c

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

We should note that the constant K in (1.29), gives the ratio of the total kinetic
energy at the free end and that of the hub end of the panel in the time interval [0,T}].

17
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since the adjoint system is energy conserving system, therefore we can conclude that
K is finite.

Next we consider the energy equation (1.10). Integrating (1.10) over [0,T], we
obtain

T 1 T { " 2 pr2 cza T 29 cza T 29
== hllhed > — [ 6%(0,t)dt.
/0 E(t)dt 2/0 /0(0 +60")dadt + = /0 (0,6t > 2 [ 6%(0,0)
Use of (1.12), it follows that from the above

2
The relations (1.30) and (1.32) thus lead to the inequalities (1.22) and (1.23).

OT 62(0,t)dt < TE(0). (1.32)

Now by Poincare inequality (cf. Aubin [1]), we know that the norm (J; f’2d:c)% is
equivalent to the norm of f on the space H![0,l], provided f(zo) =0 for 0 < zo <.
Therefore there are suitable constants Cy and C; such that (1.22) and (1.23) can be
written as

ColT ~ To) 1180l oy + 182 Bago)

IA

T,
c /O 62(0, t)dt
< OT (|6l + 16:l3200]-  (133)

It should be noted that the inequality of the form in (1.33) is obtained by multi-
plier techmqueAw ch is not unique. The same form can also be obtained by different
multiplier such as in the Chapter 3 and Chapter 4.

To establish the actual inequalities in (1.21) we define a premitive function x(z,t)
by the indefinite integral

t
x(z,t) = / 8(z, t)dt (1.34)
so that
X(:B,t) = e(xat)'
Then x(z,t) satisfies

¥(z,t) — Ox(z,t) = b(z,t)— & /tO”(z,t)dt

= bz, 1)~ [ B (1)t
- o

Thus x(z,t) satisfies the system of equations:
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X(z,t) = x"(z,1), 0<z<,0<t<T,
0
x(z,0) = / O(z,t)dt = xo (say), 0<z<lI,
X(z,0) = 6(z,0) =6 = x1 (say), 0<z<lI, (1.35)
t t .. Cee
X(0,2) = / 8(0, t)dt = a / §(0,8)dt = aX(0, 1)dt, 0<i<T
.
Y1) = / 8'(1, t)dt = 0, 0<i<T,

We observe that the system (1.35) is analogous to the system (1.9). Hence we can use
the inequalities in (1.33) for x(z,f) to obtain

ColT ~ To) |00 + l1xal2ago]

IA

T
C / %2(0,)dt
0
< T |llxolfngoy + IxallE2pen)-  (1:36)

Since x(z,t) = 8(z,t), the inequalities in (1.21) are followed from (1.36).

1.6 Exact Controllability Result

In the literature, meaning of the exact controllabilty of a system is to find a suitable
control function which drives whole system to a desired final state at some finite T' > 0.
Therefore to establish the exact controllability, for the solution of the system (1.7), we
need an appropriate control torque Q(¢) defind on [0,T] such that the solution of
system (1.7) satisfies (1.8) and it follows from the ensuing theorem.

Theorem 1.1. Let T > T, then for every ¢ € Hl[O,I] and ¢; € L?[0,1], there
is a control function Q(t) € L*[0,T] proportional to 6(0,t) such that ¢(z,t), the
solution of the system (1.7) satisfies (1.8).

Proof. For T > Ty, it follows from the inequalities in (1.21) that (1.19) defines
a norm of {6p,0;}. This norm is equivalent to the norm on the Hilbert space F =
L%[0,1] x H~1[0,1], being the completion of smooth functions {f,6:}. Again by virtue
of (1.15), (1.19) and the left inequality in (1.21), we can use Lax-Milgram theorem (cf.
Aubin [1]), to conclude that A is an isomorphism operator from F to F’ for T 3 T,
where F' is the dual space of F. Therefore we can uniquely invert the operator A
from F' to F. Hence, for given {@o,¢1} € F’, there exists {6p,6,} € F such that

{00,601} = A7 {¢, —do} (1.37)

19



Exact Controllability of Torsional Vibrations... 20

or equivalently '
A{6o,6,} = {1, —do}

Finally, if we take the control Q(t) proportional to 6(0,t) say, Q(f) = B¢8(0,t)
for the original problem (1.7), where 8(z,t) is the solution of (1.9) with {6,6:} as
solution of (1.37), then from (1.15) we have that the function (z,t), the solution of
the system (1.14), satisfies ¥y = ¢o and ¥; = ¢;. By the uniqueness of the solution,
we conclude that

¢(z,t) = ¢($,t), 0<z<[,0<t<T. (1'38)

The result (1.8) for exact controllability of the system (1.7) then immediately follows
from the backward system (1.14). This completes the proof.

1.7 Concluding Remarks

From the inequality (1.21), it follows that the adjoint system is observable for
T > Ty, where T, = 2l/c as given by (1.31). Therefore as in the literature [19],
the the original system is controllable for T > Tj. The time T, can therefore be
considered as the the estimated least time (may be thought as critical time) for exact
controllability of the torsional vibration problem governed by the system (1.7). Since
¢ is the torsional wave velocity and [ the length of the panel, the least time namely,
2l/c can immediately be identified to the time taken by the torsional wave to originate
and return to the control end (hub end) via the free end. Finally we remark that, as
the action of the control torque Q(¢) in the system (1.7) depends on the solution of
the adjoint system (1.9), the suppression of vibration at time T (exact control) entails
coupling of these two systems. In this context, we mention that the adjoint system
is energy conserving, while in the original system, it should decay during the control
process.



CHAPTER 2

EXACT CONTROLLABILITY OF TORSIONAL
VIBRATIONS OF AN INTERNALLY
DAMPED FLEXIBLE PANEL*

2.1 Introduction

In the preceding Chapter, we have discussed the exact controllability of torsional
vibrations of a hybrid flexible space structure in the form of a solar cell array. The
mathematical formulation of the governing partial differential equation was free from any
damping term. But as a correspondence of physical reality, inherent material damping
of the structure, however small it may be, is always appeared in real materials (cf.
Christensen [16]) as long as the system vibrates. We adopt here the simple Kelvin-
Voigt model (dashpot in series with a spring) for the viscoelasticity of the structure.

In this Chapter, we like to demonstrate the exact controllability of torsional vi-
brations for the geomertically same hybrid structure as in Chapter 1, for a rectangular
elastic panel with a rigid hub hoisted at one end and totally free at the other end. The
panel is assumed to possess material damping mentioned above. Incorporation of small
distributed viscous damping of the Kelvin-Voigt type appearing as an internal resistance
opposing the strain velocity, makes the problem more realistic. There is basic alteration
in the mathematical consideration in view of additional higher order derivative term in
the governing torsional vibration equation.

2.2 Mathematical Formulation

As in the last Chapter, we consider here a simple hybrid structure consisting of
a uniform rectangular elastic panel of length ! held at one end by a rigid hub and
the other end totally free. Our particular interest centres around the result of exact
controllability of the internally damped torsional vibrations of the system, achieved with

*The contents of this chapter have been published in the paper Ezact Controllability and Boundary
Stabilization of Torsional Vibrations of an Internally Damped Flezible Space Structure —Gorain and
Bose, ‘Journal of Optimization Theory and Applications’, Vol. 99, 423-442, (1998).
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the help of a suitable control torque Q(t) applied to the rigid hub in some finite time
interval [0,T]. Internal material damping of Kelvin-Voigt type is assumed to be present
as a simple model of internal damping of this panel.

Referring to the schematic Figure 1.1 in Chapter 1, if ¢,(t) is the rotation of the
rigid hub and ¢,(z,t) that of the panel at the position z along the span of the panel
relative to the hub at time ¢, then the total rotational angle ¢(z,t) = @n(t) + ¢p(z,1)
of the panel satisfies internally damped torsional vibration equations

#(z,t) = 2¢"(z,8) + pd"(z,t), 0<z<Il, 0<t<T, (2.1)

where dots and primes denote differentiation with respect to time coordinate ¢ and
space coordinate z respectively. The constant ¢ is the torsional wave velocity and
g > 0 is the coefficient of material damping of the panel which is taken to be small
enough. Initially at time ¢ = 0, let the panel be set to vibrations with initial values

¢(z,0) = do(z) and ¢(z,0)=i(z), 0<z<I (2.2)
In similar fashion, if at the hub end z = 0 the control Q(t) is applied and the end

z =1 is kept free, we obtain the same boundary conditions as (1.4)—(1.6) of Chapter 1.

Therefore, to study the exact controllability of the internally damped torsional
vibrations of the uniform hybrid rectangular panel, the following initial-boundary value
problem is to be concerned mathematically.

é (z.1) = 2¢"(z,1) + pé"(z,1), 0<z<l,0<t<T,
#(z,0) = ¢o(z), #(z,0) = ¢:(z), o<z <, (2.3)
¢'(0,t) =a ¢ (0,8) + AQ(t),  ¢'(L,t) =0, 0<t<T

Now a control torque Q(¢) is to be selected appropriately, to study the exact
controllability at some finite time T > 0, so that it drives the system (2.3) to rest at
time ¢ =T. Then the solution of (2.3) must satisfy

¢(z,T) = §(z,T) = 0. (2:4)

To discuss the exact controllability of the mathematical problem (2.3) by HUM,
some essential results are incorporated in the following sections.

22
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2.3 Adjoint System

Associated with each solution of (2.3), we start with 6(z,t), the solution of the
following adjoint system

b (z,1) = 0" (z,t) — pb"(z, 1), 0<z<,0<t<T,
0(23’0) = 00($)’ é(z,()) = 01(13), 0<z <, (2.5)
#'(0,t) = a 6 (0,t), 8,2 =0, 0<t<T,

in which the governing partial differential equation is the adjoint of that in (2.3) in
usual sense. In addition we assume that - 65(0) = 0, 6,(0) =0 and 63(0) = 0. Now,
for every {6o,0,} € F = L?[0,l] x H~'[0,]] (where H~'[0,l] is the dual space of the
Sobolev space H'[0,I] of order one), the system (2.5) with sufficiently small p has a
unique solution (cf. Showalter [81]). For u = 0, the system (2.5) coincides with the
wave equation of pure elastic vibration having unique solution (cf. Lions and Magenes
[53], Showalter [81]) for every {6,,6,} € F. Existence of these smooth solutions ensure
that the solution 6(z,t) tends to the elastic solution 6.(z,f) when ux — 0. For, the
difference of the solution |4(z,t)—6.(z,t)| is bounded above by a quantity proportional
to u and thus tends to zero as g — 0.

To each solution of (2.5), the total energy at time ¢ is defined by
E@) = % /0'(192 + ¢%0%)dz + c—zzﬂéz(o,t). (2.6)
Differentiating (2.6) with respect to { and using the first equation of (2.5), it gives
Bt =¢ [ ' -(%(90’)(1:: —uf Y66 dz + c2ab(0,1) § (0, 1).
Integrating by parts and applying the boundary conditions of (2.5), we have from above
E(t) = pad(0,t) § (0,t) + p /0 "6 ds. (2.7)

The integral term on the right hand side of (2.7) shows that some energy is generated
throughout the system which is due to the presence of some internally distributed force
(—1@”) in the adjoint system (2.5). Integreating (2.7) from zero to t, we obtain the
energy integral of the system as

B(t) = E(0) + pad(0,1) § (0,8) - e | B (0,7)dr + p / ' / “§drdr,  (2.8)

where
E(0) = —;— A {éz(z,O) + c20'2(z,0)] dz. (2.9)



Exact Controllability of Torsional Vibrations of an Internally Damped... 24
Evidenly, if p = 0, E(f) = E(0) and the energy is conserved. Both the forms (2.6)

and (2.8) have been used in the following.

2.4 Backward System and Operator A

Here we consider (z,t), the solution of a time backward system

P (z,t) = P"(z,1) + i’ (=, 1), 0<z<l,0<t<T,
¢(3’T) =0, ¢(37T) =0, 0<z <,
. “ (2.10)
¥'(0,8) = a 9 (0,1) + Mo [6(0,1) + 56(0, 1)), 0<I<T,
(1) =0, 0=t=<T

where [y is a constant independent of ¢. The solution of the nonhomogeneous
boundary value problem (2.10) depends on the properties of 6(0,#) and 6(0,t) and
hence on the initial values 6, and 6, .of system (2.5). Now for given {6, 6,} € F,
the system (2.10) has a solution (z,t) as before for the system (2.5). We can then
easily obtain (z,0) and 1&(:::,0).

Now multiplying (2.5) by ¥ and (2.10) by 4, and integrating over [0,{] x [0, T]
after subtraction we obtain

/ / o (0% — 0)dadt = & /' /T%(0’¢~01/)’)d:cdt

— / "
u// [ (% — b9') + t(0¢v )]dzdt.
Applying boundary conditions of (2.5) and (2.10), it leads to

[ oot ~u0] e = o [ [207(0,0)- £ 4, O]detn [ 5000000, 0] at

+a /0 [c’ 8(0, t4(0,t) — $(0,£)8(0,2)] — p[6(0, £)h(0,2) + «ﬁ(o,t)é(o,t)]]dt
which after a simple calculation yields

L " Tr 242 “2 32
/0 ot — ) - 01%] dz = C /0 26%(0,1) - 30 (o,t)] dt  (2.11)
since 6p(0) =0, 6,(0) =0, 6,(0) =0, where C = Afo, and
Yo =%(2,0), % =9(z,0). (2.12)
At this stage we define an operator A as
A{6p,0,} = {¢ — — o} (2.13)
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Then from (2.11) and (2.13), the functional

{60,6:} — (A{80,61}, {00, 6:})
is given by . )
(A{0o,01},{00,01}) =C /0 [c202(0,t) ~ %92(0,0] dt. (2.14)

In the manner of Lions [52], for T large and x small enough, we shall verify that the
functional defined by (2.14) defines a norm on the initial values {,6:}, equivalent to
the norm of F, i.e.,

{60, 6:}|. = © /0 ! [c202(o,t) - ’:—:92(0,t)] dt (2.15)

for T>Tp and p < po. To and po are defined later in equations (2.34) and (2.37).

2.5 Estimate of the Least Control Time Ty

In this section we shall first prove the following Lemma.

Lemma 2.1. Let 6(z,t) be a solution of (2.5) then

! T 3’ gl l LT 12 T.2 ]
| [ 269 dzat| < ZC[TG(O)-{-Z;L [ [ @-vfdedt—a [ (0,00

where

lr.
G(0) = /0 [0’2(1:,0)+c20"2(:c,0)]d:c. (2.16)
Proof. We have

1T, [ 1T/,
1 git < 2 2 ”2) . )
’/0 L dzdt‘_——zc/o/o (0 + 0" dedt (2.17)

Now multiplying the governing differential equation of (2.5) by (T — ¢)§” and then
integrating over [0,!] x [0,T], we obtain

T "‘/l 1 pt (T 6'12
/ [(T-t)ae]odt = 5 [ [T -2 deat

¢t T 8 . I /T -
= < —t)=0" - —1)8" . (21
> | [ @-t56"dedt - [ [T - )i dadt. (218)
Using the boundary conditions of (2.5), (2.18) gives
I T . ir.
L[ [0 orin = I[P ertaali

1 /T . a (T .2
_ "2 _ = . 2.
+u jo /0 (T - t)§"dedt - 5 [ §'(0,0)at.  (2.19)
Hence the Lemma follows from (2.17) and (2.19).

25
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Now we establish the following two inequalities, which will be later used for con-
trollability of the original problem.

For p < po, there exist positive constants Cy, C; and a number T such that
T 2
u -
Co(T = To) |10l 2z 161 -] < © [ [87(0,8) — E8%(0,1)]at

< CiT [[16ol(Zapoyy + 11611 3r-110,] - (2:20)

To establish the above inequalities in (2.20), we shall need to present the following
two inequalities by multiplier technique.

2a /0 ) [c’é’(o,t)—‘—c‘;'{}2(0,t)]dt > fi BE 1 _ 1)B(0) (2.21)
and
/ [26(0, 1) — £ (0,0)) dt < 2T E(0) (2.22)

for 0 < p < po, where K >0 isa rea.l and A, B are some positive constants
independent of u.

For this, we multiply the first equation of (2.5) by z# and integrate by parts over
[0,1] x [0,T] and obtain

tr T LT 0 10T, _c2 Tr o]
/O[zao]odz—ifo [ze]odt+—2—/0/0 0dzdt_—-2—/0 [:1:0 ]Odt

cle,z Ml,zT lT’//
- 0/0 8 dzdt+§/0 [0 Ldz-ﬂm/()/n 266" dzdt. (2.23)
After a simple calculation (2.23) yields

2 ca 2 T l[ /']T
2/ 61, )t + < a(o £)dt = /0 E(t)dt+/0 2f'6| da
__Ii ‘[,2]1‘ _ l T o
2/0 0| do p/ofo 20'0"dzdt (2.24)

where we have used the boundary conditions of (2.5) and the energy equation (2.6).
Now if we set
X = / l z0'0dz
0
then we have ;o ' )
<X 42 | 2902 - __[ _Ctap ]
1X| < 26/0(0 +0%)dz = | B(t) - S26°(0,1)
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Hence,
X[ < [E(T) + E(0) - —-—02(0 T)] (2.25)

On the other hand, we note that
m uof [ ,2]7' w [ cta ;, ]
ol < < EIE(T) - —=6%*0,T)|. 2.26
czE(O)__Z/O& 0d:z:_l:zE() 5 (0,T) (2.26)

Introducing (2.8), (2.25) and (2.26) in (2.24), we have therefore

I T, Tret,, w2 ]
s [ et [ [50 (0,0) - E-°(0,0)|at

2 l . l.. .
> [ - 2+ 2| B0) + o[ + w(0,7) - s + b0, 1i0,7)
E,_l T ..2 T 2 ] L T YT
+c/0 0(0,t)dt—u/0 (T — 4)§°(0,1)dt +u/0/0 (T — 1)§"dzdt
_ el _l_ LT )2 22 l AT o
u(cz+c)/0/0 R )d:cdt—u/o/(; 266" dzdi),
where we have used the relation

/OT (/Ot f(r)dr)dt = /OT(T — 1) f(t)dt (2.28)

for any integrable function f on [0,7]. This follows from change of order of integration
in the double integral. Using (2.19) and Lemma 2.1, we obtain from (2.27)

(2.27)

%/OT éz(l,t)dt+a/0T [%2632(0,0 - ’z‘;éz(o,t)]dt
> (1~ 2+ B)]B0) - (S + 5)T6(0) + 0[5 + wi(0,7)
s+ Hio,my 0.1 v uC + 5) [ 6 (0,1 pf (-8 (0,00

_ $\H'2 P e 2 _ \pr2
+,u[ /0 /0 (T — t)§"dzdt p(c +) /0 /0 (T - 1)d dzdt]. (2.29)
We note that as g — 0+, the two integrals in the expression
. 1 T . 3l 2# I T . ]
_ 12 _ - /2
[ /0 /0 (T - )dadt - u(= + 5) /0 /0 (T — t)§"dzdt

tend to corresponding integrals for the pure elastic case 6.(z,t). Hence there exists a
constant p; > 0 such that
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T 32 ﬂ g_/-_"_ e — $\G"2 l>
[/0/0 (T - ) dadt - u(= + cz)/0/0 (T — t)§"dzdt| >0,  (2.30)

for u < u;. Now we may define a positive constant K, such that
G(0) < KoE(0). (2.31)
Use of (2.30) and (2.31) in (2.29) gives
l (T s T 9242 y,z..z ]
2/0 6 (l,t)dt+2a/0 [c 6°(0,t) - 54 (0,1)| a

> [T(l — Ap — Bu®) - (2:1 + %)]E(O)

+a [(52E + u)6%(0,T) + 3762 OT 6%(0,1)dt + %’%’ /OT §°(0,t)dt
”"(('c”? + é)é(O,T) § (0,T) + /0 Y7 - t)'(f(o,t)dt)]. (2.32)

By argument similar to that regarding the existence of x; > 0, the last expression
within the brackets on the right hand side of (2.32) can be made nonnegative for u < p,.
Inequality (2.21) then follows from (2.32), where

T A2 T 4o
K = gt e > f 'El’t)dt >0, (2-33)
4o (T [czoz(o,t) - &4 (O,t)]dt 4o [T c262(0,1)dt
2/c+ p/c
= 2.34
071 - Au — Bu? (2.34)
and s kol B
— 220 _ Do .
A=5-—0  B=1 (2.35)

It should be pointed out that the roots of the quadratic equation 1—Au—Bu? =0
are real, one negative and other positive. The expression 1—Au—Bpu? keeps the positive
sign unchanged between the roots. As we have assumed that g > 0 is small enough,

so0 1—Ap—Bu® >0 for 0 < pp < p3, when pz is bounded above by the positive
roots of 1 — Au — Bu® = 0.

For the proof of (2.22), we consider the energy equation (2.6). Introducing (2.6) in
(2.8), we obtain
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cza A2 1 i '2 2 ,2v t .2
SR(0,1) = E(0) - [5[0(0 +60%)dz + pa [ §7(0,)ar
i ot .
q N 2 g
— uad(0,1)5(0,8) — p /0 /0 g d:cd'r}. (2.36)

The expression in the bracket on the right hand side becomes positive as u — 0+,
hence by the same argument to that regarding the existence of u; > 0, there exists
ta > 0 so that (2.36) can be written as

2 .
S-6%0,1) < B(0), b < pa.

Hence
T . uz o2
o /0 [c202(0,t) ~ = (O,t)] dt < 2T E(0).
Let us now define
bo = min {u} (2.37)

Now by Poincare inequality (cf. Aubin[l]), we know that the norm (! f%dz)? is
equivalent to the H'[0,)] norm of f, provided f(zo) =0 for 0 < zy < I. Therefore
from (2.21) and (2.22) we can write

Co(T = To) ({160l (3110 + 1811122g0,] < C /OT [26%(0,1) - %yz(o,t)]dt

< CoT ({180l 0,0 + 1161112204 (2.38)
where Cy and C, are suitable positive constants.

To establish the actual inequalities in (2.20) we define a function x(z,¢) asin the
precgeding Chapter, by the indefinite integral

x(z,t) = / 8z, t)dt. (2.39)

Then x(z,t) satisfies
. R t
X(Z,t) - sz”(w,t) + I»")‘(”(mat) = 0($,t) - 02/ 0’l(m’t)dt + “0”(93’0

= 8(.t)~ [ [ (@t) + (o, 1)]dt + (2, 1)
= 0
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that means, x(z,t) satisfies the following system:

X(z,t) = x"(z,1) ~ px" (=, 1), 0<z<,0<t<T,

x(z,0) = /0 6(z,t)dt = xo (say), 0<z <,

x(z,0) = 6(z,0) = 6y = x1 (say), 0<z<l, (2.40)
x'(0,t) = / t '(0,)dt = ab(0,1) = aX(0,1), 0<t<T,

x'(1,t) =0, 0<t<T.

Therefore the system (2.40) is analogous to the system (2.5). Hence in similar fashion
we can derive the inequalities in (2.38) for x(z,t) and since x(z,t) = 0(z,t), which
eventually lead to the inequalities in (2.20).

2.6 Exact Controllability Result

In this section we shall prove the exact controllability theorem using HUM which

is due to Lions (cf. [52]). The exact controllability for the solution of the system (2.3)
follows from the following theorem:

Theorem 3.1. Let T > Ty and u < pg, then for every ¢y € H?[0,!] and
¢1 € L?[0,1], there exists a control function Q(t) € L?*[0,T] such that ¢(z,t), the
solution of the system (2.3) satisfies (2.4).

Proof. Inequality (2.20) implies that if 7 > T, and p < po, (2.14) defines

a norm of {6y,6,} equivalent to the norm of the space F, being the completion of

smooth functions {6y,6,}. By virtue of (2.13), (2.14) and the left inequality in (2.20),

we can use Lax-Milgram theorem (cf. [1]) to conclude that A is an isomorphism from

F to F'. Since HZ?[0,l] C H'|0,l], there exists {6o,6:} € L?[0,1] x H~'[0,I] such
that

A{60,6:} = {¢1 — ndy, —¢do} (2.41)

for given {¢o, 1} € F'. Finally, if we take the control Q(¢) = Bo[6(0,t) + 46(0,1)],

for the original problem (2.3), where 6(z,t) is the solution of (2.5) with {6y,6:} as
solution of (2.41), then from (2.13) we have that the function %(z,t), the solution of
the system (2.10), satisfies ¢y = ¢ and ¥; = ¢. By the uniqueness of the solution,
we conclude that

1/)($,t) = ¢(z’t)
and the result (2.4) then follows from system (2.10).
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2.7 Concluding Remarks

The inequality (2.21) implies that the adjoint system is observable for T > Tp
provided p is small enough (p < po), where To is given by (2.34) and po by (2.37).
Therefore a minimum time of T for exact controllability of the original problem is
governed by Ty (cf. [19]). The time T, may be considered as the critical time
which is the estimated least time for exact controllability of this internally damped
vibrations of the panel. For u — 0+, the approximated least value of T namely,
2l/c can immediately be identified according to the last Chapter, to the time taken
by the torsional wave to originate and return to the control end. In our internally
damped torsional vibrations problem, the estimated least time T is slightly (because
of smallness of ) greater than 2l/c, which is due to the presence of a small distributed
force (—p”) in the adjoint system (2.5). In other words, it can be conceived that the
small internal damping resists to propagate the control wave through the viscoelastic
panel and as a result the estimated least control time for this case is slightly larger than
that of undamped system of torsional vibration.



CHAPTER 3

EXACT CONTROLLABILITY OF FLEXURAL
VIBRATIONS OF A FLEXIBLE PANEL"

3.1 Introduction

In the earlier two Chapters, we have concerned about the undamped torsional and
internally damped torsional vibrations of a flexible hybrid structure consisting of uniform
rectangular elastic panel and a rigid hub at one end. But among the various type of
vibrations, the transverse vibration is the most common for vibrations of beam or plate,
appearing in the literature. In this Chapter, we study the exact controllability of flexural
vibrations of the same geometrical flexible space structure as in the previous Chapters.
The dynamics of the vibrations is mathematically governed by one dimensional fourth
order Petrowsky equation or Euler-Bernoulli beam equation. The rigid hub affixed at
one end of the panel is assumed to be capable of motion in the transverse direction.
Installation of the movable hub at one end of the panel leads to a non-standard hybrid
system. An active control force is applied only on the hub to supress the vibrations of
the system exactly when the motion is set from given initial displacement and velocity
along the length of the panel. Also an estimate of the minimum time of control is
obtained theoretically by HUM.

Due to building of larger and more flexible space structures, designing and vibration
control of these have received a great deal of attention. The vibration control of flexible
space structureé’svery signficant from both mathematical and engineering points of view,
belonging to the distributed parameter control problem. In engineering literature, the
convenient and practical approach manifested into these problems is to decompose the
vibrations into normal modes and consider only first few modes to reduce the problem
to a finite dimensional state space representation (cf. Bontsema et al. [3], Fukuda et al.
(22,23,24], Matsuno et al. [59]) while, in mathematical literature, the same is treated
as distributed system governed by partial differential equation (cf. Lions [52], Lasiecka
and Triggiani [47,48]).

*The contents of the chapter’ have been published in the paper Ezact Controllability of a Linear
Euler-Bernoulli Panel —Gorain and Bose, ‘Journal of Sound of Vibration’, Vol. 217, 637652, (1998).
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The question of controllability and stability for the vibration of the Euler-Bernoulli
beam clamped at one end, with boundary control at the other end has been studied
theoretically by Littman and Markus [54,55]. The idea is extended by Markus and You
[58] to obtain an approximate control system. The problem of controllability and stabil
ity for serially connected beams with actuators and sensors co-located at nodal points
has been discussed by Chen et al. [12]. Morgil [66] treated the case of controllability
of Euler-Bernoulli beam using the energy functional of the system while Nagaya [68]
looked forward to cancel resonances subject to forced vibrations applying inertia force
cancellation method. The controllability of hybrid elastic system governed by Euler-
Bernoulli beam equation clamped at one end, with boundary control at the free end has
been discussed by Littaman and Markus [54], and the result of it later generalised by
Rao [73]. :

3.2 Mathematical Formulation

As a simple model, we consider a uniform rectangular flexible panel hoisted by a
rigid hub at one side as shown in Figure 3.1. The panel of length [, unit width, having
uniform mass density m per unit length, is rigidly attached with the hub of mass
my, at one end and totally free at the other end. The attached end can be thought as
lumped mass capable of lateral motion under active control force. Our aim is to control
the vibrations of the panel exactly by applying suitable control force @Q(¢) on the rigid
hub, in some finite time interval [0,T], when it is initially set in motion. If y,(f) be the
transverse displacement of the rigid hub and y,(z,?) that of the panel at the position
z along the span of the panel relative to the hub at time ¢, then the total transverse
deflection can be written as

y(z,t) = yn(t) + yp(z, t), 0<z<,0<t<LT (3.1)

Let us assume that the vibrations undergo only small deformations, i.e., |y(z,t)| <<
and |(0y/0z)(z,t)] << 1, and neglect the gravitational effect and rotatory inertia
of the panel cross-sections. Then y(z,t) satisfies the one dimensional fourth order
Petrowsky equation

&%y

o u
mg(z,1) + Dgﬁ(m,t) =0, 0<z<l,0<t<T, (3.2)

where D = (1/12)Eh3(1 — v?)"1. The constants D, E, v and h are the flexu-
ral rigidity, the Young’s modulus, the Poisson’s ratio and the thickness of the panel
respectively.
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Q(t)

M' l/

[ ———

Figure 3.1. Schematic of the rigid hub and the panel for flexural vibrations.

At the hub end z = 0 where the control force Q(¢) is applied, the hub dynamics
yields the differential equation

yn 633/1» . y

Again since y,(0,t) = 0, it follows from (3.1) that y(0,t) = yx(f) and also we have
(0y/0z)(z,t) = (Oyp/0z)(z,t). Hence the equation (3.3) becomes
&y
e
where a = my/D and A =1/D . Assuming at z = 0, that there is no rotational
deflection of the panel relative to the hub (i.e., panel is built-in position with hub at
z = 0), we have (8y,/0z)(0,t) = 0, implying

(0,8) + a%z%(o,t) +AQ(t) =0, 0<t<T, (3.4)

%(O,t) =0, O0<t<T. (3.5)

Since the panel is assumed to be free at z = [, so at this end
a—zy-(lt)——o and —(,{)=0 0<t<T (3.6)
8z’ 83" T 7 - '

Let the panel be set to vibrations with arbitrary initial values

y(z,0) = yo(z) and %(z,O) = y1(2), 0<z< . (3.7)
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Therefore, the mathematical model to be studied for exact controllability of flexural
vibrations of a uniform rectangular flexible panel with a rigid hub at one end, is governed
by the system of equations:

2

t.,,(zt)+D 12,8 =0, 0<z<l0<t<T,

Oy %y Ay

5;3(0’0 + a’b‘;{(o’t) + AQ(t) =0, gg(o’t) =0, 0<t<T,

; . (3.8)
5% 1,4y =0 =0 0<t<T
8:1}2 ] — VY 6213 9 = Uy - il ]
)
¥2,0)=w(z)  and  Z¥(z,0) =), 0<z <L

3.3 Adjoint System

35

Associated with each solution of (3.8), we consider with 6(z,1), the solution of its .

adjoint system:

tz( t)-fl?ért (z,¢) =0, 0<z<LO0<t<T,
6"’0 06
a 630 (3'9)
gg(l,t) =0, gg(l,t) =0, 0<t<T,
a6
6(z,0) = 6p(z) and a(z,()) = 01(z), 0<z <],

under the assumptions y(0) =0 and 6;(0) = 0. Now for given {f,, 6;} in the space
F = L*[0,1] x H-?[0,1], the system (3.9) has a unique solution 6(z,t) (cf. Lions and
Magenes [53]) for 0 <z <!, 0<t<T, where H-%0,] is the dual space of H?[0,]]
and HZ?[0,1) the sobolev space of order 2, given by

B0, = {f | fe Lo, l], e L*[0,1], g ’; e L*[0,1]}.
To every solution of (3.9), the total energy E(t) at time ¢ is defined by

E(t)=% _[: [m(%tg)2+ ]dz lm,,[ 50 t)] (3.10)

Differentiating with respect to ¢ and replacing m(8%0/8t*) by —D(8%9/0z%), we
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obtain from (3.10)
dE 19 ,0% 80 008°0
= = — -= —(0,8)=—=(0, ).
dt ./0 az(ata:cazz Btaza)dz+mh6t(0 )5z (%:1)

Integrating by parts and applying the boundary conditions of (3.9), the above after a
simplification gives

dE
dat =0
since a = my,/D, which implies
E(t) = constant = E(0) for 0<t<LT, (3.11)
where
E(0) = / [ ( 0)” + D(a (2,0)) ]d:c, (3.12)

since 6,(0) = 0. Thus the adjoint system is energy conserving.

3.4 Backward System and Operator A

On the other hand, marching backward in time, we now consider a system :

;t‘f( t)+Da4¢( £) = 0<z<l,0<i<T,
—~§(0,t) + a%;-ﬁ-’(o,t) + BoM(0, 1) = 0, gg(o,t) —0, 0<t<T,
TR o0 =o, 0<t<T, o
&(z, T)=0 and b—t-(z,T) =0, 0<z<|,

where, [, is a constant independent of f. From the nonhomogeneous boundary value
problem (3.13), it is clear that solution ¢(z,t) depends on the initial values {6, 6}
of (3.9), since 6(0,%) explicitly occurs in the boundary condition of (3.13). Now for a
given {6y, 6,} € F, the system (3.13) has a solution ¢(z,t) (cf. Lions and Magenes
[63]). Thus knowing ¢(z,t), the functions ¢(z,0) and (3¢/0t)(z,0) can easily be
obtained. Therefore we can define an operator A uniquely as

A{bo, 61} = {¢1, —¢0}, (3.14)
where ¢o = ¢(z,0) and ¢, = (84/8¢)(<,0).

36



Exact Controllability of Flexural Vibrations... 37

We shall now estimate the functional

{80,613 — (A{06,01},{60,6:})
given by 1
(A{60,61},{60,61}) = /(; (601 — b:160)dz. (3.15)

For this, we multiply the first equation of (3.9) by ¢ and that of (3.13) by 4,
integrate over [0,l] x [0,T] and then subtract :

f/ aa d dt+D// e a$3¢ 0ga‘§)dzdt
//T6 i‘igf 2 ) el =

Using the boundary, initial and final conditions of two systems (3.9) and (3.13), a
straightforward calculation gives

m /0'(00¢1—01¢0)dz = B /OT()"(O,t)dt

—Da /0 [gif(o £)6(0,2) — 8(0, t)gzz)(ﬂ,t)]dt

which after simplification finally yields
] T
/0 (Bod1 — 6:0)dz = C /0 62(0, t)dt (3.16)

by the systems (3.9) and (3.13), where C = fy/m. Thus the functional (3.15) is
obtained as

(A{60,0:},{60,6:}) = /0 {(Bod1 — 160)dz = C /0 " 80, 4)dt. (3.17)

Following Lions [52], we shall verify that for T > T, (T is estimated in the next
section), the right hand side of (3.17) defines a norm on the initial values {6,6:},
equivalent to the norm on the space F, i.e.,

[{60,8:3}|. = © Ji " 920, 8)dt. (3.18)

3.5 Estimate of the Least Control Time T,

To estimate the least time to control the system (3.8) by HUM, we require to
establish the following two inequa.lities

TE(0) > 2;—"- /0 ( at(o t)) > 1T+ ;‘;E(O) (3.19)
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for some positive constant K.

For this, we now multiply the first equation of (3.9) by (I—z)(80/0z) and integrate
by parts over [0,!] x [0,7T], and use of the boundary conditions of (3.9) to obtain

[ fa- 22 %] 2 [ [[a- )2 [m(5) + D(Ga) |t

! (T 89 5%
D/O/ oo gy dedt = 0.

Again integrating by parts and simplifying, the above leads to

8%0, \2 ! 8896 17
2/ [ (0 t) +D( m2(0,t)) ]dt+ [m/()(l—z)%-ét—dz]o
1 T 062 8%02
> - el — ) 3.20
= 2/0/0 [m(at) +D(55) ]dt (3.20)
Since (86/0z)(0,t) = 0, from Wirtinger’s inequality (cf. [80]), we can write
Lo88y2, AP [1,0%\2
On the other hand, if we set
! 06 66
_ _ 9000 22
X m/o(l 2) 5o 5747 (3.22)
then using the inequality
jab] < > (ea® + 282) (3.23)
2 €

for any real positive ¢, we can majorize (3.22) as

b 08188y, & fm o[ 98 862
el <m [li-ellg 15l < V5 [ [m(5) + P2 (a )']ée
212\/’E(t)

by inequality (3.21) and energy relation (3.10). Hence,

\/— [E(T) + B(0)] = \/‘ E(0) (3.24)

in virtue of (3.11).
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Introducing (3.10) and (3.24) into (3.20), we have therefore
my (T 06 2 ]
’é'/o (F00)'a + 2/ [ 6t(0 1)) +D(a 2(0,1))

> [ 20 dt————\/—_E(O)
= (- L) 5. (3.25)

Again if we set the positive constants K and T, by

J3|(m(0.0)" + D(£80,0) at

K= >0 (3.26)
my .fo (E(O’t))
and a2
m
T, = —W-\/g, (3.27)
then it follows from (3.25) that
ZH(1+ K1) / (o t)) dt > (T — To) E(0). (3.28)

Physically the value of K is the ratio of the total kinetic and bending energy at
the joint of the panel with the hub,and that of kinetic energy of the hub. Since the
energy of the system is conserved, K is bounded above for all 7.

Again integrating the energy relation (3.10) over [0,T], we can write easily

x [T 00 2
—_ — < .29
> ) (at(O,t)) dt < TE(0) (3.29)
with the help of (3.11). Hence we have the result (3.19) from (3.28) and (3.29).

We now define a premitive function 9(z,t) satisfying the indefinite integral

¥(z,1) = / “0(z, t)dt. (3.30)
Then ¥(z,t) satifies
?’;t’( t)+D L) = (z t)+D/ta40(z f)dt

- at(zt) /m—dt
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Thus ¥(z,t) satisfies the system:

SLATE +028 (0 =0, 0<s<l,0<t<T,
———5(0,t) +a 62'ﬁ(o £) =0, a—'ﬁ(o,t) ~ 0, 0<i<T,
62¢(l t) =0, as'/’(l £) = 0<t<T, (3.31)
¥(z,0) = / 6(z,0)dt|,_ =o(z) say, 0<z<l,
2 (2,0) = (2,0) = b = $s(2), say, 0<z<l

We observe that the system (3.31) is analogous to the system (3.9). Hence the in-
equalities in (3.19) can be used for (z,t). Since (8%/6%)(z,t) = 6(z,t), using the
inequalities in (3.19) for the solution of the system (3.31), we have

2/ [ ( 0) +D(a ¢(z 0)) ]dzz 2;_&/0"’ (%—f—(o,t))zdt

> s [0 s o) ]e

By Poincare inequality (cf. Aubin [1]), it follows that the norm

8%\ 2
”322“1,2[011 /(3,;2) dz

is equivalent to the norm of 4 in HZ?[0,l]. Therefore, there exists positive numbers
Co and Cj such that (3.32) can be written as

G (Il oa + Wolligoa] > © [ (S5(0,1))

> Co(T ~ To) [IalEa0 + ol o) (3.33)
Thus the above eventually yields

CiT (180l + sl l-sea] > € [ (600,1))’at

> Co(T — To)Il6oll3si0n + 11611 3-2p0,9]  (3-34)

in virtue of (3.30). The inequalities in (3.34) will help to estalish the exact controllability
result by HUM, in the following section.
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3.6 Exact Controllability Result

To study the exact controllability at some finite time T > 0, we require to select
an appropriate Q(t) for the system (3.8) such that it drives the system to rest at time
t = T. Then the solution of the system (3.8) must satisfy the desired final state

y(z,T)=0 and %—%(z,T) =0, 0<z<], (3.35)
and this follows from the ensueing theorem.

Theorem 3.1. Let T > T,, then for every yo € H%0,l] and y € L?[0,1],

there is a control function Q(t) € L?{0,T] such that y(z,t), the solution of the system
(3.8) satisfies (3.35).

Proof. From the inequalities in (3.34), we can conclude that for T > T;, (3.17)
defines a norm of {6y,6,}, which is equivalent to the norm on the Hilbert space
F = L*0,1] x H72[0,!]. From the right inequality of (3.34), we can invoke the Lax-
Milgram theorem (cf. Aubin [1]) in virtue of (3.14) and (3.17) to conclude that A is
an isomorphism from F to F' where, F' is the dual space of F. Hence for given
{yo,y1} € F', there exists {0y,6,} € F from the relation

{60,601} = A~ {31, 10} (3.36)

Now if we take the control Q(t) in (3.8) of the original problem as proportional to
6(0,t) say, Q(t) = Bo0(0,t), where 6(z,t) is the solution of (3.9) with {fy,6} as
solution of (3.36), then from (3.14), we have that the function ¢(z,t), the solution

of the system (3.13), satisfies ¢y = 3o and ¢; = 3. By the uniqueness theorem we
finally conclude that

é(z,1) = y(z,1), 0<z<[,0<t<T, (3.37)

and the result (3.35) for exact controllability of the original system (3.8) then follows
from the system (3.13). Hence the theorem.

3.7 Concluding Remarks

In mathematical literature, (3.34) provides an observability result for positivity of
right hand side of it. Thus the adjoint system is observable for T > T;. Hence the
vibrations of the original problem can be exactly controlled for T > T, by Dolecki and
Russell [19], where T, is given by (3.27). Therefore the time T; can be described
as the estimated least time for exact controllability of this system. Though we have
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established the results for transerve vibrations of a flexible panel attached to a rigid
hub at one end, in this context it should be mentioned that, the results are analogously
also valid for an Euler-Bernoulli beam held by a rigid hub at one end. In this case EI,
the flexural rigidity of the beam takes the place that of D of the panel.

An interpretation of T, is as follows. The frequency of vibrations of a uniform
panel (or bar) fixed (clamped) at ¢ = 0 and free at z =1 is (1/2x®)\/D/m p?,
where p is a root of the equation (cf. Clough and Penzien [17])

cosp coshp+1=0. (3.38)

The roots of (3.38) are approximately gi{ren by p; = 1.875, p, = 4.694 etc. If 7 be
the time period of the first (gravest) mode of vibration then

2xl® m
=22 = 3.39
T VD (3:39)
T _ 2p}

— == 0.71 (approximately). (3.40)

Hence T, is somewhat less than 7. The deflation in time period may be ascribed to
the compliant motion of the end z = 0 towards the equlibrium position y = 0.

Therefore



CHAPTER 4

EXACT CONTROLLABILITY OF FLEXURAL
VIBRATIONS OF AN INTERNALLY
DAMPED FLEXIBLE PANEL"

4.1 Introduction

In this Chapter, we want to extend the result of exact controllability for the flexu-
ral vibration problem of the Chapter 3, by incorporation of the small internal damping
(Kelvin-Voigt model of viscoelasticity) of the material. This distributed small viscous
damping of internal resistance opposing the strain velocity during the process of vibra-
tion, makes the dynamics of the vibration more realistic in form. The motivation of
incorporating internal damping of the elastic structure arises due to the fact that such
an effect however small it may be, always appears in the dynamics of physical systems
(cf. Christensen [16]). There is significant difference from mathematical point of view
due to incorporation of internal material damping of the viscoelastic structure, even
though it it a similar geometrical problem, modeled by a rectangular flexible panel,
attached to a rigid hub at one end on which an active control force is applicable and
totally free at the other end, as in the last Chapter. With this manifesto, using HUM,
it is to be established theoretically the exact controllability of the hybrid system in as
much as short time, to achieve the desired null controllability result.

4.2 Mathematical Formulation

We consider here the same hybrid structure, consisting of a uniform rectangular
elastic panel, having of length !, unit width, uniform mass density m per unit
length and a rigid hub hoisted at one side of it with totally free at the other as shown
in Figure 3.1, in the previous Chapter. Let us assume that small internal material
damping, uniform of constant measure u > 0 (in the Kelvin-Voigt type) is present for

*The contents of this chapter have been commmunicated in the form of a paper Ezact controllability
and Boundary Stabilization of Flezural Vibretions of an Internally Damped Flezible Space Structure —
Gorain and Bose, ‘Applied Mathematics and Computation’.
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the panel material. Here the objective is to control the vibration of the system exactly
i.e., to achieve the null controllability by application of an appropriate active control
force Q(t) on the rigid hub, in some time interval [0,T] when it is initially set in
motion. Referring to the schematic Figure 3.1, if yx(t) be the transverse displacement
of the rigid hub from some equilibrium position and y,(z,t) that of the panel at the
position z along the span of the panel relative to the hub, at time ¢, then the total
transverse deflection y(z,t) = ya(t)+y,(z,t) satisfies the Voigt-type internally damped

transverse vibration equation (cf. Clough and Penzien [17])

2
gtz(zt)+uDaa4at( t)+D Ue)=0, 0<z<lL0<t<T, (41)

under the assumption that the v1bra.t10ns undergo only small deformations, that means
ly(z,t)| << ! and |(dy/0z)(z,t)] << 1 and neglecting the gravitational effect and
rotatory inertia of the panel cross-sections. We further assume that the effect of the
term pD(8%/0z%dt) in (4.1), appearing due to consideration of Kelvin-Voigt model

of viscoelasticity, is very small compared to that of the pure elastic term D(8%/dz*)
in (4.1).

Let us consider that the material of the panel is isotropic and the internal damping
constant for the flexural vibration of the panel is same as that of the panel at the hub
end. Therefore, at the hub end z = 0 where the control force Q(t) is applied, the
equation of motion is

ézatz (t)‘”’ 20 t)+uDa 2 (0,)+QE) =0, 0<t<T.  (42)

Taking into account the internal material damping of the isotropic panel, the above
equation is more appropriate but a little bit different from that of (3.3) in Chapter 3.
As y(0,t) = yu(t) and (8y/dz)(z,t) = (8y,/0z)(z,t), the above equation thus leads
° @(Ot)+uﬂ—(0t)+a (0t)+,\Q(t)_.0 0<t<T (4.3)
0z’ oz3ot ot? - -7 '
where o =mu/D and XA = 1/D. Asin the case of equation (4.1), the viscoelatic second
term in the above equation (4.3), is assumed much smaller than the pure elastic first
term. Considering that the panel is built-in position with hub at z = 0, i.e., there is
no rotational deflection of the panel relative to the hub, we have

Oy .

— pred < < . *

35021 =0, 0<t<T (4.4)
The free end z =1 of the panel yields the conditions

%U’ t)=0 and %(l,t) =0, O0<Zt<T (4.5)
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Initially the panel is set to vibrations with
3y
y(z,0) = yo(z) and E(z,O) =y(z), 0Lzl (4.6)

Therefore, the mathematical problem to be studied for exact controllability for the
vibrations of internally damped hybrid panel is governed by the following system.

&y &%y

atz(:c t)+uD 4at(“° t)+ Doy Y(2,)=0, 0<z<LO0<t<T,
3y d'y &%y
63(0t)+ua (0,8) +a55(0,) +2Q(t) = 0, 0<t<T,

(4.7

Ay %y 83y
— — annm— = — = <
2(0,1)=0, ALH=0, ALH=0, 0<t<T,

0
¥(2,0) = yo(a) and  Z(2,0) = (), 0<z <l
4.3 Adjoint System
To each solution of (4.7), we consider its adjoint system:
o6 o°0 o6
atz(zt) "Da4at( t)+D64(:ct)—0 0<z<],0<t<T,
o0
T 01 36t(0t)+a6t2(0t)_0 0<t<T, "
4.8
%0
o9 - g = 77 = <t<
6z(0’t) 0, 6z2(l’t) 0, a:‘:3(l,t) 0, 0<t<T,
a6
8(z,0) = bo(z) and —-(z,0) = bi(2), 0<z<l,

in which the differential operators are the adjoint of that in the given system on their
respective domains. Let {6y,6,} € F = L?[0,1] x H~2[0,1] (H~%[0,1] is the dual space
of HZ[0,1]) with 6p(0) = 0, 6,(0) = 0, then we know with small x that there is a
unique solution (cf. Showalter [81}) of (4.8). For u =0, the system coincides with the
Petrowsky equation with pure elastic vibration having unique solution (cf. Lions and
Magenes [53], Showalter [81]) for every {6y,6,} € F. Existence of smooth solutions
ensures that the solution 6(z,t) of (4.8) tends to pure elastic solution 8.(z,t) when
g — 0+, and obviously the difference of the solution |6(z,t) — 0.(z,t)| is bounded
above by a positive quantity proportional to y, which tends to zero as x4 — 0+ .
Thus the solution 6(z,t) of (4.8) is a continuous function of x near zero.
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The total energy E(t) at time  of the system (4.8) is defined as

1 a0 5%0 2 1 00 2
B@)=7 [ [m(— ) +D(55) ]d:c+ 5 (5 (0,)" (4.9)
We proceed, with the differentiation of (4. 9) with respect to ¢ and replace m(8%6/56t?)
by —D(8'6/dz*) + uD(8°6/0z%dt), to obtain
dE Lgro%e o 00 4 &
T "% ——atazéﬁ( ~ug1) ~ 35 0~ ng)]
+u/ a 2at ) d + mhat(O t)atz(O t).

Applying the boundary conditions of (4.8), we get

46

dE il
4.10
i /D(az?-at) a2, (4.10)
since my = Da. Integrating (4.10) from 0 to ¢, we obtain the energy integral as
E(t) = E(0) + / / W a ) ddr, (4.11)
where
E(0) = 2/ [m at(:c 0)) +D(a (2, 0))] (4.12)

Again integrating (4.11) from 0 to T, we obtain the result
1 b gTr 00\2 5202 1 T ,50 ,
2h by mG) +2(5) ]"‘“"”amh/o (G 0.0) e

= TE(0) + p / / / 32:261' )’ dzdrdt. (4.13)

The integral term in the right hand side of (4.10) shows that some energy is gen-
erated throught the system which appears due to the presence of internal distributed
force —uD(8°0/8z*0t) in the adjoint system (4.8). Since we assume that that the
effect of the term due to internal Voigt-type damping is very small compared to the
pure elastic term, the effect of the distributed force —pD(8°0/0z48t) in (4.8) will also
be very small relative to that of pure elastic force D(89/8z*) in (4.8). Hence the
energy due to the internal distributed force is much smaller than that of pure elastic
force. Thus we can write from (4.13) that there exists a real p; > 0, such that

; / j D(g:(: )dzdt > p / / / zza Ydzdrdt for p<p.  (4.14)

Also when g =0, we obtain from (4.11) that E(t) = constant = E(0) and the adjoint
system is energy conserving.
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4.4 Backward System and Operator A

Let us now consider a time backward system:

a'¢

&
ms(2,) + b up 2% (t)+Da4( )=0, 0<z<l,0<i<T,

dz4ot
8% 8% Y]
5;3(0#) +pp5g(008) + 01522—(0,0 + 8o [6(0, 2) - #E(O,t)] =0, wis)
d¢ _ ¢, . B '
501 =0, =2(1) =0, ZZ(Lt)=0, 0<t<T,
HeT)=0 ad  DzT)=0, 0<z<i,

where, [ > 0 is a constant, independent of ¢. It follows from the nonhomogeous
boundary value problem (4.15) that the solution ¢(z,t) depends on 6(0,f) and
(06/0t)(0,t), and hence on the properties of the initial values » {8y, 6;} of the system
(4.8). Now for a given {fy, 6,} in the Hilbert space F, the system (4.15) has a
solution ¢(z,t), as in the case of the system (4.8). Therefore the functions ¢(z,0)
and (0¢/0t)(z,0) can be easily obtained. We then define an operator A uniquly by

A{60,6:} = {¢1,—(do + 1é1)} (4.16)
where ¢y = ¢(z,0) and ¢, = (94/8%)(z,0).
As in the previous Chapter, we will now estimate the functional
{60,601} — (A{60,6:},{60,06:})
given by
(A {60,601}, {66,6:}) = /0 ' (061 — 62(d0 + o)) da. (4.17)

To estimate (4.17), we multiply (4.8) by ¢ + u(8¢4/0t) and (4.15) by 6 — u(86/8t),
integrate over [0,1] x [O,T] and then subtract :

m/z/T_q(_a_o¢ d.'cdt-}— //Ta ‘Z‘:g‘f dzdi
o[ [ [¢+~ )5’2(0 W5) — (0- 1) 3o (64 u50)

// 6:::[832 )az(¢+” ¢) 3%(0— 23)862,((#4- a¢)]dzdt——
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Utilization of the initial and the boundary conditions of the systems (4.8) and (4.15),
and then after a straightforward calculation, the above yields

1 T a0 2
[ (o1 ~ 6190~ wign)dz = ¢ [ [800,1) - ng; (0,0)] at, (4.18)
where C = (y/m. Thus the functional (4.17) is obtained as
T 80, .12
(A{60,6:},{60,6:}) = C /0 [6(0,) - u5;(0,1)] dt. (4.19)

For T > T, and p < pg, we shall show that the right hand side of (4.19) defines a
norm on the initial values {6,,6,}, equivalent to the norm of the spcae F, i.e.,

€60, 613, = ¢ /OT [6c0,1) - u%—?(O,t)]zdt- (4.20)

4.5 Estimate of the Least Control Time T,

We first establish the following results.
Lemma 4.1. Let 6(z,t) be a solution of the system (4.8), then

/OTX(t)dt = TX(0)+ p / / azsa 2Y_(0,7))"drdt

+ / / / ‘%467 )’ dadrdt, (4.21)
where
x@)=3 [ [m( (o) + D(20) o + ————-D(a 0,0)". (422)

Proof. Differentiating (4.22) with respect to ¢ and then integrating by parts, we
obtain

X m[ &0 %8 o8 320],
d Oz20t 8z 012  9z30t 812 o
20 0% m %
+/ maz + D52i) 5aigi®® * mr D5as® ‘)a 36t(0 t)-

On application of the system (4.8), it becomes

‘g =p— D(B‘Z:;t’(o,t))z-m /(:D(-égi—g—t-)zdz, (4.23)
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since a = my/D. Integrating (4.23) from 0 to ¢, we obtain

X(t):X(o)+un% (z36 = (0,7)) dr + / / )'dodr.  (4.24)
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Again on integration of (4.24) from 0 to T, the Lemma follows immediately.

It is clear that the terms in the right héand side of (4.23) arise due to effect of
dependent term in the system (4.8), so theiterms in the right hand side of (4.21) will
be much smaller than that of the corresponding pure elastic terms. Therefore, from the
statements following equations (4.1) and (4.3) we can write for (4.21), that there exists
small real quantities us, s > 0 such that

u// / az:g_r dzdrdt < 2// 61:4 d:cdt for p < po, (4.25)

and

u/(;T /Ot 3622 (0, 7')) drdt < - / % Z(O,t))2dt for u < ps. (4.26)

Lemma 4.2. Let

06 96 i 640

!
Y(t) = m/o(l-— 2)5. 54 and Z(t) = D/ (1~ )5 =zd (4.27)
then
v <2 T (4.28)
and
& d%0
12(8)] < [ 2X(t) - 2D (5(0.) ] (4.29)
Proof. Since (86/0z)(0,t) = 0, from Wirtinger’s inequality (cf. [80]), we can
wate L 00 a2 6%
2 2
and L, 8% a2 [, 8%
2 2
| ez 2 < 5 |, (5m) 2 (4.31)
Using the inequality
jab] < %(ﬁa2 + %bz) for any real positive'e, (4.32)

we have from (4.27)
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B mr 002 w2 (802
Y@l < 23 [[m(z) + D(5,) ¢ (4.33)
and
620 8*02
— . 4,34
12()1 < \/7/ [ 15 (gear) * 2550 |4 (4.34)

By the inequalities (4.30) and (4.31), the Lemma follows from the above relations (4.33)
and (4.84).

Now we shall need to establish the following two inequalities alongwith the estima-
tion of least control time Tp, which finally helps to prove the the exact controllability
result of the system (4.7) by HUM.

There exist positive numbers A, B independent of g and K, Tj, such that

1-—A‘;L—Bp,2
1+K

750) 2 7 [ [P0, - uT (0,0 et > (T - T)B(0).  (435)

By multiplier technique to establish (4.35), we multiply the first equation of (4.8)
by (I —z)(86/0z) and integrate by parts over [0,!] x [0,T], and then obtain
06 66

m[/ol(l——z)-ag—iadz]o %/'/T(z-z)_‘?_[m(?_")%,z)(gxf) ]dzdt

L (T 89 5% 90 0*0 80 6%
+D/0/ 8z 5230 = “D[/(l_z azaz4d"’] uD// (= =) 55t 5o 44

where we have used the boundary conditions in (4.8). Again integrating by parts, the
above can be written as

2y (i) + D)= [ [ m()"+ D53 s

~[r); - u / Z(t)dt — D / [g:g:ﬂ] dt+D / / g;z dedi

80 8% 1 5% 96\ 50
+ D“("”)azaza /(("’”)a 2 az)é?ﬁd”]o‘

By the use of the boundary conditions in (4.8), the energy integral (4.13) and the Lemma
4.2, the above becomes

2 [ mGo.n) + D(géi-’(o,n)”] dt+zm [ (50(0,1)) dt > TE@O) - [y(»)]]

_"—Y/—/ [2x(t) - -——D(a (0,1)) ]dt-—-p.[/ (‘929) dz] (4.36)

50
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Now from (4.28) we can write
T 28 m
v, < Z\/2[E@ + EO)

= \/‘ 2 E©) + uzz?\/— / / azzgt dzd (4.37)

by (4.11). Again we have

_2E(0) < [ / D(gzﬂ) dz] < 2E(T) - mh[ (o,T)]2
= 2E(0) + 2 / / a 2at )’ dzdt - [gte(o,T)]z. (4.38)

Introducing (4.37) and (4.38) into (4.36), yields
2/ [ at(o )"+ D( ::Z(O,t))z]dt-*--;-mh/: (%?(O,t))zdtz
AP 32 [D . Dy (T m 6%
[T (= \/;+2u)]E(O) u(Z \[‘n:z”“h')/o [2X(t)———1—n—’:D( (0, t))] ,
+2,u \/‘—l—u / / 840 dzdt-l—umh[at(O T)]

with the help of (4.22). Applying Lemma 4.1, it leads to
a6 2 oo 2
2/ [ at(o t)) +D(a 2(0 t)) ]dt —mh/ (E(O’t)) dt—umh[gt—(O,T)}

> 1 (22 1 )] B0) - 20( \f +2u)TX(0)

+n;z"lh(§fr—2 g+2p§)[/ (a 20,8))dt - 2 // :c33 22 _(0,7)) drdt]

rou(E \/~ [ / / 324 )’ dodt - 3u / / / 83:“8 d:cdrdt] (4.39)

Let us now we define a constant K, > 0 independent of u, such that
X(0) < KoE(0). (4.40)

Hence from (4.39) we can write by virtue of (4.25) and (4.26)

-;-mh/: [m(o t) - p?;g(o,t)]zdt >

AT - To)E(0),  (441)
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where , )
l 0,1 D(&4(0,t)) |dt
k- Lo [m(BO.0) + D(EEO.0) @t (842)
ma i [22(0,1) — n28(0,1)] dt
4= Ko ﬁ, B =aK,2 (4.43)
T Vm m
and
42
+2
T, = VB (4.44)

1- Ap— Bp?’
To obtain the reverse inequality in (4.35), we have from (4.13)

1 T 186 %0 2
S /0 {-a—t(o,t) —[L—aTz-(O,t)] dt < TE(0)

AL Gy sene [ oGo0a]

"[/ / g:f dedt —2p / / / 2:; d:cdrdt] (4.45)

We note that the integrals in the expression

LT 86\ s (T . ,0% 2
— - — 4.4
/0/0 m (%) dodt ua/(; D(55(0,1)) dt (4.46)
tend to the corresponding integrals for pure elastic case #.(z,t) as u — 0+ . Hence

by choosing p < ps where p4 > 0, the expression (4.46) can be made nonnegative.

Therefore, using the relation (4.14) the left inequality in (4.35) follows immediately from
(4.45).

It is obvious that the roots of the quadratic equation 1— Ap— Bu? = 0 are always
real, and one is positive, say ps, and other negative. We observe that between these
two roots the expression 1 — Ap — Bu? is always positive. Since g > 0 is assumed
to be small enough, the analysis of the above holds for u < po where g is given by

po = min {p:}.

We now define a premitive function (z,t) satisfying the indefinite integral

¥(z.t) = [ bz, 1)t (4.47)
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Then we have

g 841/1

(:c t) — p.D (:c t) + D/ (:c t)dt

5%
_mat(” t)- "Da 1(0.1) - [ m 8t2 ~ kD g 4t

= 0.

Thus 4(z,t) satisfies the following system:

2 5
P Y 8y
m—bﬁ(z,t)— 646t(zt)+Da 4( z,t) =0, 0_<_:c§l,‘0§t$T,
By
Y 0.1y — = <t<
5(0,1) — 36t(0 t)+a at2 59 0,1) = 0<t<T,
8% a%/;
. - = il 4 = <t<LT 4.48
5 (0,t) =0, (l t) = az3(l’t) 0, 0<t<T, (4.48)
t
$(z,0)= [ 0<z,t)dt[,=0=¢o (say), 0<z <],
8¢
3¢ (8:0) = 0(2,0) = 6o =1 (say), 0<z <,

Thus the system (4.48) is analogous to the system (4.8) and so the inequalities in (4.35)
can be applicable for 1(z,t). Since (8y/dt)(z,t) = 6(z,t), using the inequalities in
(4.35) for the solution of the system (4.48), we have

d / Bt % (2,0))* + D( :f(z,O))z]dz > T OT [%—f(ﬂ,t) - p62¢(0 Ot
> B gy [ [m(Zw0) + D(Ew0) iz (aa9)

By Poincare inequality (cf. Aubin [1]), we have that the norm
%P2 L §%p2
Izellinon = Jy (522) o=

is equivalent to the norm of 4 in H?[0,l]. Therefore, there exists positive numbers
Co and C; such that (4.49) can be written as

C1T[||¢1l|iz(o.q + “%igﬁ[w]] 2 C/OT [%(O,t) K 5p (0 t)]

> Co(1 — Ap — BE?)(T — To) || 3ap0 + 1%l o] (4.50)
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Hence we have from (4.50),
T 00 2
CuT[[100lg0n + 111 r-s0n] 2 © [ [6(0,) — gy (0,0)]

> Co(1 — Ap — Bp®)(T — Tp) [“00”%9[0,1] + ”01”31-2[0.1]] , (4.51)
in virtue of (4.47).

4.6 Exact Controllability Result

In the literature, exact controllability of a system means: for a given time T > 0,
to find a suitable control function which drives the whole system to a desired final state
or rest at the time T. To study the exact controllability of the system (4.7) at some
finite time T > 0, we require to select a control force Q(t) appropriately on [0,T]
such that the system (4.7), would be driven to rest (the desired final state) at time
t = T. Then the solution of the system (4.7) must satisfy

y(z,T)=0 and %(z,T) = 0. (4.52)

The result (4.52) for exact controllability of the system (4.7) follows from the The-
orem:

Theorem 4.1. Let T > T, and p < po, then for every y, € H?[0,l] and
11 € L*[0,1], there is a control function Q(t) € L?[0,T] such that y(z,t), the solution
of the system (4.7) satisfies (4.52).

Proof. The inequalities in (4.51), implies that for T > Tp and g < wo, (4.19)
defines a norm of {6y,8;} which is equivalent to the norm on the Hilbert space F.
We can conclude from the Lax-Milgram theorem (cf. Aubin [1]) in virtue of (4.17) and
(4.19) that A is an isomorphism from F to F’'. Hence for given {yo,7:} € F’, there
exists {6p,0:} € F such that

A{60,6:} = {y1, (30 + py1)}- (4.53)

Now if we take the control Q(¢) in (4.3) of the original problem as proportional to
[6(0,) — u(86/8t)(0,8)] say, Q(t) = Bo[6(0,2) — u(86/8t)(0,t)|, where 8(z,t) is the
solution of (4.8) with {8,,8,} as solution of (4.53), then from (4.16), we have that the
function ¢(z,t), the solution of the system (4.15), satisfies ¢ =y, and ¢ = . By
the uniqueness theorem we finally conclude that

#z,1) = y(z,1) 0<z<!,0<t<T, (4.54)
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and the result (4.52) for exact controllability of the original system (4.7) then ensures
from the system (4.15).

4.7 Concluding Remarks

From the obsevability of the adjoint system, it follows that the original system (4.7)
with small p (0 < p < po) is exactly controllable for T > Ty (cf. [19]). Thus we can
reveal the time T; as the estimated least time for exact control of the vibrations of the
hybrid elastic panel. Equation (4.44) shows explicit dependence of Tp on u proving
that small viscous damping has the effect of increasing this time over the purely elastic
case. This can be rendered by the resistance on the propagatidn of control wave through
the viscoelastic flexible panel. The method as well as the result are analogously valid
for Euler-Bernoulli beam also; in that case the flexural rigidity EI of the beam takes
the place of D of the panel.
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CHAPTER 5

SPACE-TIME GALERKIN APPROXIMATION
FOR EXACT CONTROL OF
FLEXURAL VIBRATIONS*

5.1 Introduction

The theoretical approach on the distributed parameter control problems for ex-
act controllability of torsional vibrations as well as transverse vibrations of the flexible
hybrid structure have been developed in the preceding Chapters. Distributed parame-
ter control problems are highly involved, depending on the form of partial differential
equations describing the states of the system. The applicable controls in general, may
be distributed with time dependent or space variable dependent or may be dependent
on both time and space variables and in addition, it may occur only on the boundary.
One éomputationa.l technnique for one type of distributed parameter control problem
may work well, but in general the same technique may not work for another type. Fur-
thermore, if a numerical solution is sought, the success of a particular computational
technique depends very much on the particular computational algorithm used, for the
solution of the partial differential equations. Because of these cbmplications, it is to the
fact that there can be hardly a truely unified computational approach to distributed
parameter control problems. The computation of the numercal solution of the partial
differential equations is thus very demanding. In view of this, the purpose of this Chap-

ter, is to give a comprehensive numerical technique to support the theory treated in the
earlier Chapters. '

Among the various methods for solving the boundary value problem, a possible
approach is to use finite defference approximation to the partial derivatives, although
the accuracy of the method is.limited. Another approach from engineering point of
view is associated with the eigen value problem in which first few modes of the shape
functions are taken into consideration. But actually the number of modes are infinite
and the number of modes that should be retained is not known a priori ; afterall the

*The contents of this chapter have been published in the paper Ezact Controllability of a Linear
Euler-Bernoulli Panel —Gorain and Bose, ¢ Journal of Sound and Vibration’ Vol. 217, 637-652, (1998).
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method is not less difficult. In contrast, a semi-analytic Galerkin’s residual method
(cf. Kantorovich and Krylov [34]) can be applied with respect to both space and time
variables to the distributed parameter control system for approximate numerical solution
with small computational effort. For solving boundary value problems, the Galerkin’s
method makes possible a simpler and direct set-up, and at the same time having wider
application and dissemination than Ritz’s method (cf. [34]), though both methods lead
to one and the same approximate solution. However, Ritz’s method is not applicable in
the presesnce of internal dissipation of the system.

5.2 Space-Time Galerkin Approximate Scheme

Herein we would like to build up a framework on the basis of Galerkin’s weighted
residual technique [34] for the vibrating control problem of elastic system, particularly
the control problem of flexural vibrations of hybrid elastic panel described in Chapter
3, as there is a greater importance of transversely vibrating structures. Application of
Galerkin’s residual method with respect to space coordinate on initial-boundary value
problem (3.8) in Chapter 3, leads to a set of ordinary differential equations and futher
application of it with respect to time coordinate finally yields the set of matrix equations
giving a closed form approximate numerical scheme of the vibrating control system (3.8).
We proceed by constructing admissible approximate displacement function as well as
approximate boundary control force that satisfy the final conditions (3.35) in Chapter
3, as closely as possible. For this it is convenient to treat the above boundary value
problem in the above two steps.

In the first step, the approximate displacement for the system (3.8) is written as
superposition of polynomial shape functions of the following type:

Woot) = DD, 0<z<hO<IST, (51)

i=1

where each
n+1

fi= Zai(-’;-)j’l (i=1,2..,p+1) (5.2)

i=1

is a polynomial in z/l of degree n. The functions f; satisfy the homogeneous
boundary conditions to (3.5)-(3.6) for & = 1,2,...,p, while f,,; satisfies the non-
homogeneous boundary condition (3.4) corresponding to the system (3.8) in Chapter
3. The coefficient functions ¢;(¢) for i = 1,2,...,p are to be determined for finding
the approximate solution of the system (3.8) by Galerkin technique, while @¢,1(f) on
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account of (3.4) is given by

bpinlt) = a2 2(0,6) + 2Q00), (5.3)

where [® is a dimesionality constant.

With the above remarks, substituting (5.1) into the governing flexural vibration
equation in (3.8), the integral of the weighted residue (thh weight f;) over [0,1] set
equal to zero:

&t p+1 .
/ fi@)( m'a? + D 4)Zf,(z)¢,(t)dm =0, (i=1,2.mp),  (54)
yields the system of ordinary differential equation
Ad + B® + E$ = A[CO(t) + DQ(2)). (5.5)

Applying the same weighted residual technique, the initial conditions (3.7) similarly
lead to

$(0)=9%" and  &(0) = & (5.6)

where dot represnts time derivative. Introducing the transformation
3(t) = V(1) + 8° + 18, | (5.7)
the above relation (5.5) changes to
AV + BY + B(®° + t8') + EV = A\[CQ(¢) + DQ(1)] (5.8)
together with (5.6) reduces to homogeneous initial conditions
¥(0)=0 and  ¥(0)=0. (5.9)

The entries of the square matrices A,B,E are produced as

n+l n+l n+l n+l —_— — —
[mlz: Z ——aalDZ S a aerl 1)(83 +2)k(i 53)(8 4)] )
k=1 e=15 k=1 8=5 pXp
Dl ntl —1)(s —2)(s—3)(s —4)
i J
Lsz,g e (510
il nil p+1
mil' %}
[ aa‘ig ,2.;8 +k—1lpxp
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and that of the column vectors C,D,®,¥, %, &' are as
ntlntl i pl

— 4 a;aj

C= [ml 2:1 ;-—————_l_k_l oxt?
n+1l n41
p+1(8—1)(s —2)(s —3)(s — 4)

D= [DZ: ;sa L0 P ]pxl’ (5.11)
$ = (1) = [¢u(t)]px1, ¥ = ¥(t) = [$i(t)lpx1s

= [¢i(0)]px1’ o' = [&i(o)]le

In the next step, we repeat the Galerkin’s weighted residual method in the time
domain for the system (5.8) with homogeneous initial conditions (5.9). As a tool, the
approximation of ¥(t) is written as

W(t) = Y X (%)'c+1 (5.12)
k=1

satisfying the boundary conditions (5.9), where each X (k = 1,2,...,,q) isa px1
column vector. The determination of each X, (k =1,2,...,q) yields the approximate
solution ¥(t) of (5.12) and hence that of ®(¢) from (5.7).

Now as in the previous step, we proceed by substituting (5.12) into (5.8) and taking
the the integral of the weighted residue with weight (¢/T)"*Y over [0,T] to obtain
the matrix equation

Avq_:M'kxk = _ef(BQO) - nT(BQI) + Q:’ (1' = 1,27 b Q) (513)
k=1

where each M, (r = 1,2,...,q; k = 1,2,...,9) isa px p square matrix and each
Qr(r=1,2,..,9) isa px1 column vector obtained explicitly as

o (k+1)k T (k + 1)k(k — 1)(k —2) -
k= [T(k+r+1)A lc:-i-1'-|~3B+ T3k +r—1) ]’ (5-14)
Q=X /0 i [cé@) + DQ()] (-;—,)'“dt (5.15)
and T 2
£r=r+2, ™=y (5.16)

To solve X, from (5.13), we have to invert the matrix M = [M,]. Let us suppose that
M is non-singular and -F = [Fy,] the inverse of M, where each Fy, (k= 1,2,...,¢;
r=1,2,..,q) i8 a p x p square matrix, then from (5.13) we have the scheme
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q q q
xk = -ZfrFkrBQO - z:ﬂrFlchQl + ZFer:: (k = 132’ R q)' (517)
r=1 r=1 r=1
To obtain control force Q(t), we have to first solve the adjoint system (3.9) in
Chapter 3, by similar Galerkin resudual technique. As in the prece;!ding steps, invoking
the same there will be matrix equation similar to (5.13) for the the adjoint system (3.9)
and eventually it conducts the scheme

q q
Yi=-) (F,BO" - ) 3. F,BO, (k=12,..9) (5.18)

r=1 r=1

as Q(f) is absent there. The vectors ©° = [;(0)]px1, ©' = [6:i(0)px1 and Y,
(k = 1,2,...,q) in (5.18) are the corresponding vectors to &°, ®! in the form (5.6)
and X, (k=1,2,..,q) in (5.12) respectively for the adjoint system (3.9). The above
relation (5.18) can be rewritten as

Y, =L{0°+LiO', (k=1,2,..9) (5.19)

where L] and L} (k =1,2,...,q) are p x p square marices. To this point, knowing
the vectors ©° and ©!, each vector Y, (k=1,2,...,,q) can be computed from the
relation (5.19).

On the other hand, as in the theory the control force Q(t) is followed finally by
the expression

Q(t) = Bod(0, t), (5'20)
with the help of (5.1), (5.2), (5.7) and (5.12), it can be written as

P q t \k+1

Q) = BoY_aibi(t) = BoTo®(t) = fo| L TYi(7) " +100° +th@?|,  (5:21)
=1 k=1

where the vector ©O(t) is the corresponding vector of ®(¢) in (5.7) for the adjoint

system (3.9) and Iy = [ai]ix, is a row vector. Utilizing the relation (5.19), the control

force Q(t) can be reduced in terms of ©° and ©!, as

Q) = fo| - (LE26° + 1L3") (1) + LE" 4 0] (522

K=1
Again plugging this Q(¢) in (5.15), we have
Q: =K’ +K!0!, (r=12,...,9) (5.23)

where the explicit form of the square matrices K? and K! (r =1,2,...q) are given
by
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, L/ k(k+1) T T
0 — A S _ L9+ —D ]
K '\ﬂo[,;(T(r-}-k-i—l)CIO_'_r+k+3DIO) "+r+2 Lo
4 . k(k+1) T T? (5:24)
1 —_ 7 N — 1 D ]
K, ’\ﬂ°[,§(T(r+k+1)CI°+r+k+3DI°)L’°+r+3 Lo

Now we substitute Q; from (5.23) into (5.17), which clearly yields the p x p matrices
GY, Gi, HY, H} foreach k =1,2,...,q such that

X = G9° + G} @' + H)O' + HI 0!, (5.25)

In this stage, we are now concerned on the time backward system (3.13), in Chapter
3. On the applicaton of similar Galerkin’s residual technique with weight f; over the
interval [0,!] to final conditions ¢(z,T) =0, (8¢/0t)(z,T) =0, yields

A"¥(T) = C"[aLo®(T) + AQ(T)]

. : (5.26)
A*$(T) = C*[aLo8(T) + AQ(T)]

in view of (5.1)—(5.3), where A* isa pxp square matrix corresponds to A in (5.10)
without the second term and the factor m. Similarly C* isa px 1 column vector
corresponds to C in (5.11) without the the factor m. With the help of the relations
(5.7), (5.12), and (5.21), we have from (5.26)

q q 9
SAX, + A+ TA® = €| 3 k(k + 1IoXe + Mo (LY +10° + T1,0")]
k=1 k=1

k=1 )
%Xqi(kJrl)A*XwA*q»l =C" [-Ii‘,’—,,-i(k—l)k(H1)onk+Aﬂo(%f}(kﬂ)lonﬂoel)]
k=1 k=2 k=1

which on the use of (5.19) and (5.25) ultimately leads to the matrix equations of the
form

PO’ + QO! = R¥° + S¥?

UG’ +VO! = We° + Z3?

where the explicit form of all p x p square matrices P, Q, R, S, U, V, W, Z are as
follows

(5.27)
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q q q
P =3 A'H;- %C*IoZk(k +1HE - A8CT YL ~ M6oC'To

Q= EA Hk - —C*Iozk(k + I)H,c - z\ﬂoC‘Iosz — ABeTC"Iy

k=1

R = %C*I()Zk(k +1)G? - ZA*GQ — A
k=1 k=1

q q
S = —T—z-c* S k(k +1)GL — Z.Ar'c;.}c _TA"
k=1 k=1

q (5.28)
= %E(k +1)A*HY — ——C*IOZ(k — 1)k(k + 1)HY — -’-\-@90*102(k +1)LY

_ %z::(k +1)AH] — %C*IO);(k — 1)k(k + 1)HL — ’\ﬂ"c IOZ(k +1)LL - ABCT,

W= c IOZ(k — 1)k(k +1)GY — TZ(k +1)A"GY

2 = ZCLY (k- Dk(k + )G - 23 (k +1)A°G} - A
T k=1 Tk:l

Now we can solve the vectors ©° and ©' from (5.27) with the help of the (5.6)
following given initial conditions (3.7) of the flexural vibration problem (3.8) in Chapter
3. After knowing the vectors ©° and ©!, the control force Q(t) at time ¢ can
be obtained approximately from (5.22) and the vecor Q; (r =1,2,...,q) from (5.23).
Hence the vector X; (k=1,2,..,¢q) can be computed in view of (5.17) which at once
yields the vector ¥(¢) from (5.12) and then the vector ®(f) at time ¢ by the relation
(5.7). Hence finally, we can compute the approximate shape function in virtue of (5.1).

Since the scheme is direct and usually low values of p and ¢ are needed, computation
proceeds very fast.

5.3 Approximate Numerical Result

In practical procedure, we may assume that yo(z) and y,(z) are approximated
by suitable polynomials (by measurement at suitable discrete points along the length of
the panel) satisfying the corresponding homogeneous boundary conditions (3.5)-(3.6).
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The functions thus become candidates for f; and we can take
fi(z) = yo(=), f2(z) = n(z) (5.29)
so that
¢1(0) =1 and d),'(O) =0, (Z = 2,3,...,p), (5.30)
$2(0)=1 and ¢(0)=0, (i=1,3,4,..,p), (5.31)

In addition to these we can take another function f3(z) which is a simple monotonic

function, since with increasing time the equilibrium position y = 0 is approached.
Thus we can take . . 5
T lz lz

fs(z) = 735 + 5 (5.32)

The last function fy(z) (with p = 3) is similarly taken as

122 1z® 1 ¢*

4 61 240

satisfying the non-homogeneous boundary condition (3.4).

(5.33)

The model parameters for numerical computation for the control problem are cho-
sen as follows (in MKS units):

Length of the panel [ = 3.6 meter,

Mass per unit length of the panel m = 5.9 kilogram/meter,

Poisson ratio » =0.33,  Rigidity D = 6.9 kilogramm x meter 3/sec ?,
Mass of the hub m), = 12.2 kg. Bo=1.

For this panel Ty = 15.26 sec. We consider two examples of initial conditions. In
the first we take

1z '  67z" 8 5327
W)=t E " VBrt3E Tty ul)=0 (5:34)
in which yo(z) has a wavy shape and in the second, we take
1 2  _z* 14z% 28 1,2t 6z° 2z°
W) =+ E+E st ) @ =g5(F-sEt5E) )

where a monotonic velocity is imparted with a small monotonic displacement. Applying
the above computational scheme with p =2, =4 and p = 3,¢ = 3 respectively it
is observed that the Galerkin approximation yields increasingly better results for T
higher than 15.26. The above results for the dynamic deflection and the control force
for the first example with T = 20 sec. are presented in the Figures 5.1 and 5.2, while
those for the second example with T = 30 sec. are presented in Figures 5.3 and 5.4
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respectively. It has been observed that velocities are lower by an order of magnitude.
Finally, we remark that for very accurate results even for low values of T' (higher than
T,) we may need a full, space-time Galerkin finite element technique. Such a technique
will however need greater computational time.

5.4 Concluding Remarks

Here we have constructed a closed form numercal scheme for the problem of exact
controllability of tranverse vibrations of a flexible panel attached to a rigid hub at
one end and totally free at the other to obtain an approximate closed form solution
together with approximate boundary control. The treatement of the problem is based on
Galerkin’s residual technique. The scheme works fast as illustrated in the two examples.
In practical application since the theory is exact, the parameters involved should be
known as accurately as possible. The initial displacement and velocity yo(z) and
yi(z) when sufficiently smooth need be measured at a limited number of points along
the length of the panel and approximated by polynomial functions.

Of the other parameters required in the theory D may be determined from some
dynamical test, while m,m; and [ can be ascertained quite accurately. Nevertheless,
approximations and uncertainties in measurements do pose the question of robustness
(cf. [18]) of the exact theory and may be addressed to theoretically. We may however
note that dissipation of energy takes place in actual systems with significant material
damping in the panel, and frictional and other losses in the hub rendering the sys-
tem asymptotically stable. The level of performances should thus be good under these
cercumstances. In the earlier literature (cf. [22,23,24]) using modal decomposition fol-
lowed by finite state representation, we may note that the uncertainities are introduced
as Gaussian white noise followed by Kalman filtering.
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0.08

y (deflection)

x/l

Figure 5.1. The approximate deflections of the panel along the length
with different time for T = 20. Numbers 1 — 11 respectively are the
approximate positions of the panel at the times t =0, t = 01T, t =

02T, t = 0.3T, t = 04T, ¢ = 05T, ¢t = 0.6T, t = 0.7T, t = 0.8T,
=0.9T, t =T.

0.08

Qu/M

0.04

0.04

Figure 5.2. The approximate response of the control force with time for

T = 20. Note that application and removal of the control force at initial
and final times is sudden.
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Figure 5.3. The approximate deflections of the panel along the length
with different time for T = 30. Numbers 1 — 6 respectively are the
approximate positions of the panel at the times t = 0, t = 02T, t =
04T, t =0.6T, t=0.8T,t=1T.
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Figure 5.4. The approximate response of the control force with time for

T = 30. Note that application and removal of the control force at initial and
final times is sudden.
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CHAPTER 6

BOUNDARY STABILIZATION OF TORSIONAL
VIBRATIONS OF A FLEXIBLE PANEL

6.1 Introduction and Mathematical Formulation

Research on the topic of boundary stabilization for distributed parameter systems
governed by wave equation have been developing with great importance during the last
few decades. We shall be dealing in this Chapter, boundary stability for the solution
of the hybrid dynamical model of torsional vibrations of the uniform rectangular panel
as formulated in Chapter 1. In the mathematical literature, stabilization (strongly) of
a system means the convergence of the solution of the system to zero as time tends
to infinity. If corresponding to all initial data with finite initial energy, the solution of
the system converges uniformly with introduction of a boundary stabilizer or damping
device, it is called a uniform boundary stable system.

Though the study of stabilization for the solution of wave equation started in the
early sixties (cf. Lax et al. [50], Morawetz [63]), Chen [6] first obtained the explicit
form of exponential energy decay rate (uniform boundary stabilization) for the same
in a star-complemented strongly star-shaped domain (SCSSSD) in R™. The results of
uniform stabilization by means of exponential energy decay estimate have been later
improved by Lagnese [43], Komornik [37] by constructing speacial type of feedback
boundary dampings and obtained somewhat faster energy decay rates. The stabilization
of the solution of hybrid vibrating system has been described throughly by Littman and
Markus [55] and Rao [72,73], with a boundary feedback applied at the end with alumped
mass. All the above investigations have shown the stability of wave equation or Euler-
Bernoulli beam equation, clamped at one end and feedback damping or control force
applied on the other end. But for the class of systems such as solar cell array, robot
with flexible links or spacecraft with flexible appendages, it is practically undesirable
or the most difficult task to apply boundary damping or stabilizer on at the free end of
the structure where as to apply it on the other end is much easier in order to obtain a
good performance of the overall system.

Thus to study boundary stabilization of the solution of torsional vibrations of the
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uniform rectangular panel as describe in Chapter 1 by the mathematical problem (1.7),
we need a boundary stabilizer such that the solution of the system corresponding to
initial data with finite energy decays exponentially in the energy space as time ¢ — +o00.
For this, we now select a viscous boundary damping force (in fact, a passive damping
force) applicable on the rigid hub of the panel, that means, Q(t) in (1.4) or in the
system (1.7) is taken as proportional to ¢(0,t) , say, Q(t) = bp(0,t) where b is
a positive constant. That means, we select a boundary velocity feedback damping to
describe the asymptotic behavior of the the system (1.7). Hence to study the boundary
stabilization of the torsional vibration problem, the following mathematical system of
equations is to be concerned.

é (z,t) = ¢"(z,1) 0<z<Ll >0,
#(z,0) = go(z), q.ﬁ(:c,O) = ¢1(z), 0<z<]| (6.1)
¢'(0,1) = a ¢ (0,2) + Abp(0,2) and ¢'(L,t) =0, t>0,

where the parameters ¢, o, A remain same as considered in Chapter 1, and prime and
dot denote differentiations with respect to ¢ and ¢ respectively.

6.2 Energy of the System
Associated with each solution of (6.1), the total energy at time ¢ is defined by
1 12 2 412 1 2 12
== - . 2
E(t 2/0(¢ + ")z + 5%ad*(0,1) (6.2)
Differentiating (6.2) with respect to ¢ and using the first equation of (6.1), we have
. L. ) .
B(t) = & [ 5-(d6)dz + a(0,8) § (0,2).
Integrating by parts and applying the boundary conditions of (6.1), the above yields
E(t) = —c*\bg?(0,t) < 0. (6.3)

The negativity of the right hand side of (6.3) shows that the energy E(t) of the system
(6.1) is nonincreasing with time and the system is thus energy dissipating due to viscous
boundary damping at the hub end. Evidently, it follows from (6.3) that

E(t) < E(0),  for t>0. (6.4)
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6.3 Uniform Boundary Stability Result

As the energy of the system decays with time, so naturally the question arises on
the conditions for which it decays uniformly. Owing to this fact, the main interest in
this Chapter is to obtain explicitly the uniform exponential energy decay estimate for

the solution of the vibrating system (6.1), that means we want to establish the result
of the form

E(t) < Me™PE(0), t>0 (6.5)
for some reals # >0 and M >1.
The result (6.5), for the system (6.1) is ensured from the Theorem:

Theorem 6.1. Let ¢(z,t) is a solution of (6.1) corresponding to initial conditions
@0 € H?[0,l] and ¢; € H'[0,l]. Then the energy of the system (6.1) defined by (6.2)

decays exponentially with time, i.e., E(t) satisfies (6.5) for some reals § > 0 and
M > 1.

Before proving Theorem 6.1, we first consider the followings.

Lemma 6.1. If ¢(z,t) is a solution of (6.1) then the function p(¢) defind by

1 l - 2 a --2
p(t) = 5 [(&" + ™)z + 58 (0,1) (6.6)
is nonincreasing with time.

Proof. Differentiating (6.6) with respect to ¢, we have
i) = [[(BF +6"d)dz + ab(0,05(0,1).
Introducing the first equation of (6.1) and then integrating by parts, the above leads to
i) = [#9], +adl0,05(0,0.
Applying the boundary conditions of (6.1), we get
A(t) = —Abd (0,8) < 0. (6.7)
From the negativity of the right hand side of (6.7),.the Lemma 6.1 follows at once.

Lemma 6.2. If we define a function po(¢) by

1 .
polt) = [ (=~ Doz (6.8)
then P
folt) < %(t + Ea +2ENBN)G0, 1) + algX(0, 1) — E(t). (6.9)

69



Boundary Stabilization of Torsional Vibrations...

Proof. Differentiating (6.8) with respect to ¢ and using the governing equation
of (6.1), we have

! -
folt) = [[(z—1)(34' +9"¢')de
Integrating by parts, the above becomes

o) = gie -0+ 297 -3 [+ 9%y
Applying the boundary conditions of (6.1), we thus obtain
po(t) = %l(q'sz(o,t) + c2¢’2(0,t)) + %"fq{sz(o,t) — E(t) (6.10)
by the energy equation (6.2). Since ¢'(0,) = a ¢ (0,%) + Abg(0,t), we can write
7(0,8) = (@ § (0,2) + Abd(0,))” < 2[a?$’(0, ) + A2824%(0, )] (6.11)

Now plugging (6.11) into (6.10), the Lemma 6.2 follows immediately.
At this stage we are ready to prove the main Theorem.

Proof of Theorem. We now construct a function Eg(t) by

Ep(t) = [E(t) + 2ﬂ( , )]eﬁt, for ¢ >0, (6.12)

ca
Ab
where 3 > 0 is a fixed constant defined later. We note that

o) = | [[(z - Dédds] < o (8 + 29™)de < LEQ) (6.13)

Since E(t) and p(t) are nonincreasing with time, therefore for every ¢y € H?[0,]
and ¢, € H'[0,]] we have E(t) < E(0) < oo and p(t) < p(0) < co. Hence there
exists a positive constant § such that

p(t) < SE(t). (6.14)

We can assert that § is bounded above for ¢ > 0. This follows from the fact that by
final value theorem of Laplace transform, for infinitely large values of ¢, p(¢) decays

faster than E(t), according to the expressions for p(t) and E(t) in (6.7) and (6.3)
respectively.

Inserting the relations {6.13) and (6.14) into (6.12), we have

5cal

(1 - 2,3 Z)E(t) < Eg(t) < e[1 + 23( )]E(t) (6.15)
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Now we differentiate (6.12) with respect to ¢ to obtain

Eplt) = o [(t) + 28(in(t) + S o(0)] + BB (6.16)

Introducing the right inequality in (6 15), the relation (6.16) can be written as

Es(t) < et [E(t) +28(po(8) + p(t)) + ﬂ( + 2,6(% + 5°;‘;2’))E(t)]. (6.17)

Applying Lemma 6.2 and the relatlons (6.3), (6.7), the above yields

Eg(t) < € [ [B(1+ 2 +2¢*X%8%1) — *Xb| $%(0, 1) +ﬂ[2ﬂl(% + 66;;’2) ~1] E(t)] . (6.18)

Now we choose the constant 8> 0 as

b 1
= mi . 6.19
8 mm{l+c2a+2czz\2bzl’ 21(1/c+6c2a2/)\b)} (6.19)
Then we have from (6.18),
Eg(t) <0, for t >0 (6.20)

and at the same time from (6.15),

ot 20léc%a®
Ab
Integrating over 0 to i, it follows from (6.20),

o E(f) < Eg(t) < 1+ 2ﬁl( ;;:2)]E(t), for t>0. (6.21)

Eg(t) < Eg(0),  for t>0. (6.22)

With the help of the inequalities in (6.21), it follows finally from (6.22) that

E(t) < Me™E(0), for t>0 (6.23)
where, ) s
1428l(1/c + é6c2a®/Ab)
= > 1. .
M 20l6ca?/ b =1 (6-24)

Which completes the proof.

6.4 Concluding Remarks

From (6.23) it follows that the uniform exponential energy decay rate 8 of vibra-
tions will be maximum for largest admissible value of A given by the smaller value
between the two in the relation (6.19). In this context, it should be remarked from
(6.19) that the energy decay rate § is varing inversely with the length [ of the panel.
More precisely, vibrations of longer panel will take much more time to stabilize, which
is highly singnificant for our problem because one end of the panel is totally free.
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CHAPTER 7

BOUNDARY STABILIZATION OF TORSIONAL
VIBRATIONS OF AN INTERNALLY
DAMPED FLEXIBLE PANELf

7.1 Introduction and Mathematical Formulation

In this Chapter, we study the uniform boundary stability for the solution of inter-
nally damped torsional vibrations of the hybrid system, consisting of a uniform rect-
angular panel with a rigid hub, at one end as described by system (2.3) in Chapter
2. In other words, we are concerned about the uniform stability of the problem of the
previous Chapter incorporating internally damping of the material of the panel. In the .
literature, boundary stabilization deals with the existence of a boundary stabilizer such
that each solution corresponding to initial data with finite energy decays exponentially
in the energy space as ¢ — +o00. To describe the asymptotic behavior of the system
(2.3) in Chapter 2, we apply boundary control (stabilizer) Q(¢) in the system (2.3)
as bqf&(O,t), where b > 0 is a finite real. In mathematical literature, this stabilizer is
nothing but the viscous boundary damping force on the rigid hub of the panel.

Hence for the boundary stability of the problem of internally damped torsional
vibrations is mathematically concerned by the following system.

;5 (z’t) = cz¢”(z’t) + ”éﬂ(z)t)a 0<z< l1 t>0,
¢(z,0) = ¢o(z), é(z,0) = ¢i(z), 0<z<l, (7.1)
¢'(0,t) = o $ (0,8) + Abp(0,£) and  ¢'(l,t) =0, t>0.

Thus we are concerned about the asymptotic behavior in the presence of both internal

material damping of the panel as well as boundary viscous damping on the rigid hub.
The parameters ¢, a, A are given by in Chapter 1.

tThe contents of this chapter have been published in the paper Ezact Controllability and Boundary
Stabilization of Torsional Vibrations of an Internally Damped Flezible Space Structure —Gorain and
Bose, ‘Journal of Optimization Theory and Applications’ Vol. 99, 423442, (1998).
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7.2 Energy of the System
For each solution of (7.1), the total energy at time ¢ is defined by
17 2 2 112 1 2 ;2
E(t)=3 /0 (8 +¢¢™)dz + 5(a + pAD)E(0,1). (7.2)
Differentiating (7.2) with respect to ¢ and using the first equation of (7.1), we have
E(t) = ¢ / ' -‘—9—(J)¢’)dm +p / ' $¢"dz + (c2a + pAb)(0,1)d(0,1).
0 az 0 ) ?

Integrating by parts and applying the boundary conditions of (7.1), yields

B(t) = ~eAb¢(0,) - pad(0,8) § (0,8) — u [ ¢ da. (7.3)

The integral term on the right hand side of (7.3) shows that some energy is dissipating
throughout the system due to incorporation of material damping of the panel. Similarly
the first term on the right hand side of (7.3) shows energy dissipation due to boundary
damping on the rigid hub of the panel. We now estimate ¢(0,t) ¢ (0,t) as
2¢2Ab ., po -2 ]

— t)|. 74
If p is sufficiently small compared to A and b, then it follows from (7.3) that
E(t) <0, and E(t) is nonincreasing with time, i.e.,

[60,030,0)] < 3]

E(t) < E(0), t>0. (7.5)

As our main interest in this section is to show explicitly the exponential energy
decay rate of vibrations, that means we want to establish

E(t) < Me P E(0), t>0 (7.6)

for some positive § and some real M > 1, so the question is under what conditions
the energy E(t) satisfies (7.6).

7.3 Uniform Boundary Stability Result

Chen [6,9], Komornik [37] and Lagnese [42,43] have shown that if a bounded domain
1 in R" has certain geometries, then the energy for the solution of second order wave
equation with a viscous boundary feedback damping will decay uniformly exponentially.
Chen [9] has also obtained faster energy decay rate of waves considering distributed
viscous damping and boundary damping.
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Exponential energy decay of vibrations for the problem governed by the set of
equations (7.1) follows from the theorem:

Theorem 7.1. Let ¢(z,t) is a solution of (7.1) corresponding to initial conditions
$o € H?[0,l) and ¢, € H'[0,I] with p > 0 small enough. Then the energy of
the system (7.1) defined by (7.2) decays exponentially as ¢ — +00, i.e., there exists
constants M >1 and B > 0 such that E(t) satisfies (7.6).

Before proving Theorem 7.1, we first consider the following Lemma.

Lemma 7.1. If ¢(z,t) is a solution of (7.1) then the function p(t) defind by

1 7t .29 Q-2
p(t) =3 | (¢ +c*¢")dz + 54 (0,0) (7.7)
is nonincreasing with time.

Proof. Differentiating (7.7) with respect to ¢ and introducing the first equation
of (7.1) we have

w0 = [ [#(9" + ud") + 29| dz + adl0,5(0,0)
Integrating by parts we obtain
] 251 . .1t - l.q
o0) = @64 +udd) +ad0,030,0) - p [ ¢ do.
Applying the boundary conditions of (7.1) we get
. 2 l .9
p(t) = —Abg (0,8) — /0 ¢ dz < . (7.8)

Hence the Lemma follows.

Proof of Theorem. We now construct a function Eg(t) by

l ! gy /2 t

Ea(t) = |B@) + ucp(t) + 6 [ (2266 +ud™)da]e®, 120,  (19)

where 8 > 0 is a small fixed number satisfying

L
A< om (7.10)
We note that
| [[2ed6da] < 2[5+ o™z = L) (r.11)
0 “ch c |

/ 'z < %E(t). (7.12)
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Using the results (7.11) and (7.12), we have from (7.9)
Bt l L, b ul Bt
(1 - 26-)E(t) < Bp(t) < |(1+26(- + 5)) E() + —p(t)| €. (7.13)

Now differentiating (7.9) with respect to ¢ and utilizing (7.1), we obtain after a
simple calculation

; - ol ul . L0 29 5,2
Eo(t) = |BW)+Z(t)+8 [ o5 (8" +¢")ds

02 (24 E 7.14
+208 [ ¢ 5-(a9)ds| + BEA(). (7.14)

Integrating by parts and introducing (7.2), we have from the above

. ) ! . .

Eg(t) = € [E(t) + %b(t) +B(16°(1 1) + (Ca + pAb)§?(0,1))
(I
—2u8 /0 2d'¢"dz — 2,3E(t)] + BEx(2). (7.15)
Applying the right inequality in (7.13), we obtain from (7.15)

Bo(t) < (B0 + o) + BF (L1 + (o + wab)F(0,1)

(20 + 28 1)) + wblotr) 208 [ 2ddtan]  (1.16)
Here we note that . ]
| [ 24'6"da < Zo(t) (7.17)

Since p(t) is nonincreasing as in Lemma 7.1, therefore we have p(t) < p(0). Hence for
every ¢o € H?[0,l] and ¢ € H'[0,1], there exists a positive constant § independent
of p such that

p(t) < SE(t). (7.18)

This follows from the fact that for infinitely large values of t,' the leading terms
of p(t) and E(t) in (7.8) and (7.3) for small u are respectively —\bg?(0,t) and
—c?Ab¢?(0,t). Hence for ¢ — 00, p(f) decays faster than E(f) by the final value
theorem of Laplace transform. Hence the assertion.

Introducing (7:10), (7.17) and (7.18) we therefore obtain from (7.16),

Ba(t) < (B + o) + 2 (1470.0) + (e + wab)d*(0,1)

(sl 5+ 2 1)) =
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If we choose g so small such that
p 1 38
wap+g+—o) <t (7.20)
we have then from (7.19)
Ba(t) < e[ (1d20,0) + (et wdb)(0,0)] - ned(0,0) § (0,0)
. v, .
—u—c-)\bqbz(o,t) _u /0 §?dz — c%\b¢2(o,t)} (7.21)
by the use of (7.3) and (7.8).
Since
b(1,t) = $(0 t)+/lq3'dm
1,1 = d(0,0) + [ daz,
therefore applying the inequalities
(a+b)? < 2(a® + b?) (7.22)
and 3 2 l l
< 2 2 .
(/0 fgdz) _/Ofdxfogdz, (7.23)
it can be easily established that
. . L,
$(1,1) —5—2[¢2(0,t) w1 ¢'2d:c]. (7.24)
Introducing (7.24) into (7.21), we obtain
Eo(t) < [212 (21 + o + uAb) $(0,1) — pad(0,1) ¢ (0,2)
~uPE(0,8) - Xbd(0,1)| (7.25)

As p is taken small enough, so the expression in the bracket on the right hand side
of (7.25) can be made nonpositive for x < yo. It should be remarked that this

depends on the viscous boundary damping parameter b. It then follows from (7.25)
that

Eg(t) <0, t>0. (7.26)
Thus we have
Eg(t) < Eg(0),  t>0. (7.27)
On the other hand using the inequalities (7.10) and (7.20), we have
’ l 316
1-28-2p (c212 +=). (7.28)
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Therefore the inequalities in (7.13) can be written as
pr, (L, 318 p s 1B
Pu(p+—)BO S Bst) S L+ u(gm + 5+ )| E@W)  (1.29)
by (7.10) and (7.18). With the help of (7.29) it follows finally from (7.27) that
E(t) < Me ™ E(0), t>0 (7.30)
where,
1+ Al +1/cd+16/c
= RO 1 1/el + Bife) (131

u(/c2iz + 318/ c)
Hence the Theorem.

7.4 Concluding Remarks

It follows from (7.10) that uniform exponential energy decay rate 8 for the solution
of internally damped torsional vibration problem governed by (7.1) explicitly depends
on the internal damping parameter u. As g > 0 is taken small satisfying the
relations (7.20) and g < po, the exponential energy decay rate will be maximum for
the selection of largest admissible value of u. Again u, depends on the boundary
damping parameter b, it is concluded that the uniform exponential energy rate A
implicitly depends on b also.

7



CHAPTER 8

BOUNDARY STABILIZATION OF FLEXURAL
VIBRATIONS OF A FLEXIBLE PANEL!

8.1 Introduction and Mathematical Formulation

In the preceding two Chapters, we have discussed uniform boundary stabilization
of undamped and internally damped torsional vibrations of a hybrid flexible space struc-
ture with a damping device at one end. We study in this Chapter, the uniform boundary
stabilization of flexural vibrations of the same hybrid structure consisting of an Euler-
Bernoulli panel with a rigid hub hoisted at one end as described in Chapter 3. The
objective here, is to study the stability of the overall system by means of a uniform ex-
ponential energy decay estimate for the solution of the system under suitable stabilizing
force Q(t) applied only at the rigid hub.

To study uniform boundary stabilization, we assume that Q(¢) in (3.3) of Chapter
3, is proportional to (9y/8t)(0,t) say, Q(t) = b(dy/8t)(0,t) i.e., a viscous boundary
damping stabilizer is present at the hub end, the éonstant b > 0 being the viscous
damping parameter. Therefore, the mathematical problem to be persued for uniform
boundary stabilization of the hybrid structure as described in Chapter 3, is governed
by the following boundary value problem

8%y

6t2( )+ D "j(z,t)=o, 0<z<l,t>0,
63
Lo, t)+a (0 t)+)\b—(0 £) =0, %(M):O, £>0,

(8.1)

Oy _ Py _
3az(b?) =0, Fo3(b1) =0, t20,
y(z,0) = yo(z) and %:Z—(z,ﬂ) = n(z), 0<z <,

where the parameters m, D, a, A take the same values as those of in Chapter 3.

!The contents of this chapter have been communicated in the form a paper Boundary Stebilization of
a Hybrid Euler-Bernoulli Beam —Gorain and Bose, ‘Proceedings Indian Academy of Sciences (Mathe-

e

matical Sciences)’. *
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8.2 Energy of the System

Associated with each solution of (8.1), the total energy at time ¢ is defined by the

functional
E(t) = %/Ol [m(."?_ + D(g 3 ]dm + %mh(%—g(o,t))z. (8.2)

Now differentiating (8.2) with respect to ¢ and replacing m(d%*y/d¢*) by —D(d*y/dz*)
we obtain

dE . 1 8 , 8% 0%y Oydy Oy 0%y
2 _plfZ _% %0, Y (0,1). 8.3
& /0 55 51327 ~ 3¢ 5a1) % T ™y (01 5 (0:) (8.3)

Applying the boundary conditions of (8.1), we get

dE
dt [ ot

= —b(%lti(o,t))z <0, (8.4)

(0 t)+Ab (0 t)] 22 (0,t) +m,.?t’(0 ) 6t2(0 8

forall £>0, as a=m,/D, A =1/D defined in Chapter 3. This implies
E(t) < E(0) forall ¢>0. (8.5)

Hence the energy E(t) is nonincreasing with time and the system (8.1) is energy
dissipating due to the incorporation of boundary stabilizer. As the energy decays, our

main interest is to obtain explicitly the uniform exponential energy decay estimate for
the solution of (8.1).

The boundary stabilization for Euler-Bernoulli beam equation has been studied by
Chen et al. [13], Littman and Markus [55], Krall [39], Chen and Zhou [15], Morgiil [66]
and Rao [73]. All their investigations have shown the controllability and stabilization
of Euler-Bernoulli beam equation, clamped at one end and free at the other, except for
feedback damping or control force (viscous damping) on the other end. Littman and
Markus [55], and Chen and Zhou [15] in particular, have however shown by calculating
the eigenvalues of certain hybrid system that uniform stabilization is not possible be-
cause of the inclusion of infinitely large wave number &, during the passage of a wave
along the length of the beam. Rao [73] concludes the same by semigroup theory.

The difficulty in proving uniform stability, appears to stem from not imposing any
restriction that the beam remains approximately straight during vibration (see Rayleigh
{76}, Clough and Penzien [17]). Motivated by this consideration, the rate of change in
both z and ¢ from the equilibrium position of the displacement y(z,f) remains
small, that is to say, l(az'y/azat)(z,t)l remains small. The implication is that the
time rate of variation of small slope remains small and also the gradient of the velocity

-



Boundary Stabilization of Flexural Vibrations... 80

along the length of the panel remains small. Therefore considering the totality along
the length of the panel, we impose the restriction that fj(8%y/8zdt)?dz remains small.
If we compare this quantity with a similar one, [}(8%y/8z?)?dz which is actually 2/D
times the potential energy of bending of the panel and is thus finite, then accordingly the
restriction on vibrations satisfying the first equation of (8.1), is assumed to be governed

by oy -
/o (amat) dz < mp/ (amz) dz t > to, (8.6)

for appropriate yo(z) and y;(z). Here D/mi? is a dimensionality constant. For our

purpose, we have assumed (8.6) to hold for time ¢ > {;, where i, is finite but may be
as large as we please.

8.3 Uniform Boundary Stability Result

Theorem 8.1. Let y(z,t) be a solution of the system (8.1) corresponding to the
initial conditions {yo, 11} for which (8.6) holds and E(0) < 0o. Then E(t) satisfies
the relation

E(t) < Me ™ E(0), $>0 (8.7)
for some reals >0 and M > 1.

Proof. Proceeding as in Komornik [90], when 0 < t < tp, where t, (may be
large enough) is a finite real such that (8.6) holds, we have

el > 1.
Evidently, we can write from (8.5) that
E(t) < E(0) < "B E(0) = Mie™*E(0)  forall 0<i< t, (8.8)
where M) =e and 8, =1/t,.

For the case ¢ > to, the proof is as in the following: Let ¢ > 0 be a fixed small
constant. We define the scalar-valued function E, as

Ed(t) = E() + ep(1) (8.9)

for all ¢ > 1y, where )0
o(t) = 2m [ oo 6yd (8.10)
Here the constructed functional E,(t) is different from the other forms used in Chapters

6 and 7: In fact, it is to be mentioned that like earlier Chapters, similar type of functional
can also be adopted here to obtain the desired result, following by that approach.
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Since (dy/8z)(0,t) =0, by Wirtinger’s inequality (cf. Shisha, [80]), we have

Ly 412 0%y
[ e < [(32) e, (8.11)
and also it can be easily established as (7.24) that
i) i) N STRY
(Za,0)" <2](Z0,0)" +1 [ (5o%) da]- (8.12)

Now from (8.10) we can estimate p(t) as

o] < L [vm ll% o

B (AL P

by (8.11) and the energy equation (8.2), where

Thus from (8.9), we find
(1 - eno)E(t) < E(t) < (1 + euo) E(). (8.15)

We now proceed with the differentiation of (8.10) with respect to ¢ and replace
m(8%*y/dt?) by —D(8%/0z*) and then integrate to obtain

D [omBTL_pTyi,,

dt "ot otor 0zt oz
L g . o 1 8y 8%
= foa G + DG e+ o [ Gl skde (8.16)

Again integrating by parts and applying the boundary conditions of the system (8.1),
the above becomes

d_ m,,(.g_’:(o,t))2 +mi(32(1,)" - 20 / )’dz - 2E(1). (8.17)

Inserting the inequality (8.12) into (8.17), we obtain

<(mh+2ml)(a (0,2)) +2[ 12/ Bzat ) da —D/ dz] 2E(1) (8.18)

and by the use of (8.6), the above ultimately yields

]

dp P < (m +2ml)( (0,4))" - 2E(2). (8.19)
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Again differentiating (8.9) with respect to ¢, and inserting (8.4) and (8.19), we obtain

the differential inequality

dEte < —2€E(t) - [b — f(mh + 2ml)] (%(O’t))

2

If we choose € < ¢g, where
€0 = min {b/(my, + 2ml), 1/2p},

then from (8.20), it follows that for all ¢ > ¢,

dE,
dt

and at the same time we have from (8.15)

+2¢E(t) <0,

poeE(t) < E(t) < (1 + poe)E(t).

With the help of (8.23), the relation (8.22) yields

dE,
+.B2Ee(t) <0, t> 1
dit
where, .
€
= >0
Ba T ot

Now multiplying (8.24) by e** and integrating over ¢y, to t, we obtain
E.(t) < eAt%E (1)) for t > to.
Then finally, in virtue of (8.23) and (8.5), it follows from (8.26) that
E(t) < l—i—ﬁfe’ﬁ’(“‘“)E(to) < Mye #*E(0) for t > 1o,
where

M, = ‘L_tyo_eeﬁz‘to.
o€

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

From the relations (8.8) and (8.27), we can conclude the result (8.7) for some reals

M= max{Ml, Mi} and 8 = min{ﬁl, ﬂg}

8.4 Restrictions on Initial Conditions

The uniform stability for the problem has been established in the previous section
on the basis of restriction given by (8.6). From physical point of view, actually, the
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restriction (8.6) eliminates high wave numbers during vibration, after a time ¢o. There-
fore, when wave numbers are bounded for the condition (8.6) to hold in terms of initial
conditions of the boundary value problem, we use separatidn of variables method for
obtaining the formal result.

The general modal solution of the governing equation of (8.1) by separation of
variables is

'y(:c,t) = ZCne—ial’k?.lt,‘/)"(z’kn) (829)
n=0
where
VYn(Z,kn) = sinknz + Cin 0s k& + Cop sinh k,z + Csp cosh knz (8.30)

are the non-orthogonal collection of eigen functions satisfying the boundary value prob-
lem (8.1), and a® —the ‘velocity of propagation’—is /D /mi2. Without loss of generality,
we can assume in (8.29) that the wave number k, (n = 0,1,2,...) satisfies RekZ > 0.
The boundary conditions of (8.1) yield the coeflicients

o - 1 + cos k,l cosh k,l — sin k,lsinh k,,1
"™ " cosk,lsinh k.l + sink,l cosh k]
Con = —1, (8.31)

Cn = 1 + cosk,lcosh k.l + sin k,lsinh k[
T cosk,Isinh k,l + sin k] cosh k.l

and the frequency equation is

knl(cos knlsinh k.l + sin k.l coshk,l) + (aak2® + iAba®1)(1 + cos k,l cosh k,l) = 0.
(8.32)

If k2 = un+1v,, then we can prove as in Krall [39], that v, < 0. In view of governing
differential equation (8.1), separation of variables leads to

Yy — kit =0 (8.33)

where 9} = 8*),,/8z* and the boundary conditions leading to

¥n(0) =0, ¥7(0) = (aa*k7 I + idba’ k3 1)$a(0),
i (8.34)
¥a(l) =0, Ya (1) =0.

Multiplying (8.33) by the complex conjugate ¥, and then taking its conjugate, we
find respectively

Yty — Kalyal* = 0
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and
Yt — k:wnlz =0.
Subtracting these two and integrating from 0 to [, we have

(ke ~ B2) [ Wltda = [ (B — i),
0 0
Integrating by parts and applying the boundary conditions in (8.34), we obtain from
above after a simplification

(ks = B8 [ Walde = aa® (kS ~ KRBa(O) — Xa*U(KE + EDIa(O)F.  (835)

Now if we take k2 + k2 = 2u,, # 0, it follows immediately from (8.35) that

1 Naliga(0)
2 S paldz + aail2[,(0)P

(v. # 0, since otherwise 1,(0) = 0 and then (8.33)-(8.34) yield %, identical to Z€ero).
On the other hand, if we take, k2 + k2 = 0, then k2 = 4, is purely imaginary. In this

<0.

Up =

case the boundary value problem becomes
Yo +vngpn =0
Pn(0) =0,  ¥¥(0) = —(aa*vl? + Aba’v,l)$.(0), (8.36)
Pal) =0,  ¥y(I) =0,

and since the boundary value problem is real, considering the real solution v, of (8.36)
we can write

Yaty + Va5 =0

Integrating by parts from 0 to [ and applying the boundary conditions in (8.36), we
obtain from the above

Aba?v,12(0) = / Yidz 4+ aa*ly (0) /(1/;”)2112:

Thus we have v, < 0 (v, # 0, since otherwise the above leads to ¥, identical to zero,
which is impossible). Thus the solution (8.29) decays uniformly exponentially as ¢ — oo,
unless v, = ImkZ — 0 as n — og.

Restrictions on the initial conditions y, and # in terms of wave number k,, for
which inequality (8.6) holds and exponential decay of energy is possible according to
the theorem 8.1 are given in the following proposition. ’
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Proposition. Let the associated dimensionless wave numbers k5l (n = 0,1,2, )
satisfying the frequency equation (8.32) of the modal solution (8.29) and the initial
conditions yo(z) and y1(z) be such that

KPR < 7 sin’(a’unlt + 81n)

f t 8.37
= 4 sin®(a?u,lt + 65,) or >t (8:37)

where £, > 0 is a real (which may be large) and 6;,, 0. are related to the initial
conditions by equations (8.41) and (8.44); then the inequality (8.6) holds for ¢ > {,.

Proof. Since the collection of eigen functions ¥, (n = 0,1,2,...) in (8.30) are
not orthogonal, the expansion (8.29) is not an orthogonal expansion. To obtain the
coefficients C, in terms of initial conditions in the simplest way, we need to make
the eigen functions orthogonal. Let us consider the real orthonormal eigen functions
on(z) (n =0,1,2,...) obtained from the modal functions Cp,¢n(z, k.) by Gram-Schmidt
orthogonalization, so that the modal solution (8.29) can be rewritten as

y(z,t) = i(An +1B,)e i (untivalitg () (8.38)

n=0

In fact, the solution of the problem (8.1) , is given by

Rey(z,t) = Ze“Q”"“ [An cos(aunlt) + B, sin(azunlt)] on(z). (8.39)

n=0

The constants A,, and B, are so chosen that at ¢ = 0
Rey(z,0) =y, and  Reyz,0)=y;. (8.40)
For orthonormal expansion of the solution, the coefficients A, and B, are given by
1 1
A, = /0 Vobndz  and  unBptvnde= /0 Y1 ndz (8.41)
in a simple way. More specifically for the nth term only, we can have from (8.39)

/0 l (g;%) dz = gretunlt [A,. cos(a’unlt) + B, sin(azunlt)]2 /0 l(¢ﬁ)2d"3

!
= (A% + BY) sin®(a’unlt + 61,) /0 (47)dz (8.42)

and

L 8% 2 a2y l
/0 (83&) dz = e*vtat? [(unB,.+vuAn)cos(a"'umlt)+(tz,,B,—unAﬂ)sin(a.’m,,lt)]2 /0 (¢,)dz

7

z |
= 2 gt (A2 4 B2)(u2 + v2) sin®(a unlt + fan) /0 (¢,.)dz, (8.43)
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where
A Un B + VpAn
_ fn — InTn T Unlin 8.44
tan by, = B and tan 6, OB A (8.44)

and —7/2 < 61,,0,, < w/2. Now by Wirtinger’s inequality, we can write

[z < 2[4y, (8.45)

and applying it, (8.43) becomes

{ azy 2 20-2”“[ 4a4l4 2 2 2 2
/0 (Bxat) de < &4 —— (AL + B)(ug, + vy) sin’ (a®unlt + 6n) / (¢")2dz. (8.46)

Suppose there exists a real {; > 0 such that we can impose a restriction on the wave
number k! determined by (8.32) for ¢ > {, according to

T sinz(a uUplt + 61,,)

2,22 4 ¢
el = (u +o)lt < 4 sin *(a2u,lt + 62)

(8.47)

then it follows immediately, from (8.42) and (8.46) that

/Ol(aa,:é’t)zdzsa / (gﬁ) dz for t> 1, (8.48)

and since a® = {/D/mi?, the proposition follows.

The condition (8.47) restricts the wave numbers k,l determined by (8.32). In other
words, the initial condition y, and 3; involved in the expressions of 6, and #,, are
such that after time ¢,, the associated wave number |knl] falls sufficiently to satisfy
(8.47). It should be noted that the right hand side of (8.47) is a positive finite quantity
except for values of ¢ for which a?u,lt + 6,, is a multiple of 7. For these values of
t, it follows from(8.43) that [j(8%y/8zdt)?dz = 0 and the inequality (8.48) is valid.
Again, for values of ¢ satisfying au,lt + 6,, a multiple of =, the expression (8.42)
shows that [}(8% /82%)’dz = 0 and at the same time the right hand side of (8.47) is
also zero. Accordingly, because of non-negativity of |k212|?, it follows from (8.47) that
k3P = (ul + v2)I* = 0, which implies from (8.43) that Jo(0%y/8zdt)?dz = 0 for these
values of ¢. Thus the inequality (8.48) is also valid for these values of .

8.5 Concluding Remarks

It follows from (8.25) that exponential energy decay rate 8 after passage of the
time £y will be maximum for largest possible Yalue of ¢ y i.e., for € = ¢5. Choosing ¢
equal to b/(mjs + 2ml) or 1/2py according to (8.21), the maximunz energy decay rate
B will be equal to either 2b(ms + 2ml + bug)™! or 2/3uo, and since as in (8.14),
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po is proportional to {2, the maximum f decreases quadratically with increasing [
after the elapse of the time #,. Hence it appears, that the decay of the solution of the
system will be slower for a longer panel.

Here we have established uniform boundary stabilization of flexural vibrations of
a hybrid system consisting of an elastic panel with a movable rigid hub attached at
one end, by taking into account a natural restriction for small vibrations (see Rayleigh
[76]) of a panel or beam. The uniform boundary stability result of this Chapter, is also
valid analogously for an Euler-Bernoulli beam. For arbitrary initial conditions yo(z)
and yi(z), when the energy and motion decay with time following (8.4) and the panel
approaches its straight position, then there comes a time ¢, > 0, when the associated
wave number |kl| falls sufficiantly to satisfy the relation (8.6) for ¢ > #;. For this
reason, we have assumed (8.6) to hold at least in the final stages of vibration after
the elapse of the time ¢;, however large. For such cases, we have established here
the uniform exponential energy decay estimate (8.7) for ¢ > 0. Our discussion here,
has significantly covered the cases of uniform stability of such type of small vibration
problems from the mathematical point of view.



CHAPTER 9

BOUNDARY STABILIZATION OF FLEXURAL
VIBRATIONS OF AN INTERNALLY
DAMPED FLEXIBLE PANEL!

9.1 Introduction and Mathematical Formulation

To study boundary stabilization of the solution of flexural vibrations of the inter-
nally damped (Kelvin-Voigt type) flexible rectangular panel as described in Chapter 4,
by the system (4.7), we need a boundary stabilizer such that the solution corresponding
to initial data with finite energy, decays uniformly exponentially in the energy space
as t — +4o0o. For this, we now select a viscous damping force on the rigid hub of the
panel that means, Q(f) in the system (4.7) is taken as proportional to (dy/0t)(0,t)
say, Q(t) = b(0y/0t)(0,t) (b > 0 is a constant) to describe the asymptotic behavior
of the system. Hence for the study of uniform boundary stability for the vibration of
internally damped hybrid panel, we are concerned the following system of equations.

a 65 4

atz(:ct)-l—uDa 4at(:z:t—}-D (zt)—O 0<z<,t>0,
&Y (0,8) + u2Y 0,t) 0,¢ Ab 0,t £>0
23(0,0) + ol (0,0) + a2 ¥ (0,0 + w2 (0,0 = >0, o
=0, PVap-o TV - '
Bz(o’t) =0, 6z2(l’t)—0 (l t) =0, t>0,
y(z,0) = yo(z) and a(z,o) = y(z), 0<z <,

where the parameters m, D, u, a, A are the same as defined in Chapter 4.

!The contents of this chapter have been communicated in the form of a paper Ezact Controllability and
Boundary Stabilization of Flezural Vibrations of an Internally Damped Flezible Space Structure —Gorain
and Bose, ‘Applied Mathematics and Computation’.
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9.2 Energy of the System

To each solution of (9.1), the total energy at time ¢ is defined by

1/ dy 8%y 1 Oy 2
B =3 [ [m(-b—t-) +D0(53) ]dz+ s (o (0,1)". (9.2)
Differentiating with respect to ¢ and using the first equation ofl (9.1), we get
lig &y &3y 19y 8 8% o'y
B0 =D [ G sie =D |, 55w (s + bagogy)ie + magy (0058 20,0

Integrating by parts and applying the boundary conditons in (9.1), we have after a
simple calculation

[ D) e —5(Z0,0)’, (93)

since A = 1/D. The negativity of the right hand side of (9.3) shows that the energy
E(t) of the system (9.1) is nonincreasing with time and the system is a non-conserving
system. The integral term in (9.3), ensures that the energy of the system (9.1) decays
due to incorporation of Kelvin-Voigt type material damping of the structure, while the
last term is due to viscous boundary damping at the hub end. Thus we have

E() <E()  for ¢ >0. (9.4)

9.3 Uniform Boundary Stability Result

There are several authors (cf. Chen et al. [13], Chen and Zhou [15], Littman
and Markus [55], Morgiil [66] and Rao 73], to name but a few) who have studied the
boundary stability of the vibrations of various types of flexible space structures governed
by undamped Euler-Bernoulli beam equation with a clamped end. They have discussed
the limitations of the asymptotic behavior of the solution of the system together with
the uniform stability. However in the previous Chapter, we have ratified the uniform
boundary stability for this type of specific hybrid problem, manifested by a constraint of
small vibrations. The objective in this context is to substantiate explicitly the uniform
exponential energy decay rate of vibrations governed by the system (9.1), that means
we want to set up the result of the form

E(t) < Me P E(0) t>0, (9.5)

for somereals />0 and M > 1.
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The uniform exponential energy decay for the solution of (9.1) follows from the
ensuing Theorem:

Theorem 9.1. Let y(z,t) be a solution of (9.1) corresponding to the initial
conditions {y,3:1} with finite energy, i.e., E(0) < oo . Then the energy of the system
(9.1) defined by (9.2) decays exponentially with time, i.e., E(t) satisfies (9.5) for some

positive 8, depending explicitly on the material damping parameter p, and some real
M >1.

Proof. Let ¢ > 0 be small but fixed constant. We define a function E.(f) by
E(t) = E(t) + euplt),  t20, (9.6)

where
o) =m [ vRaz + 1 [ D(TLY dr + mu(0.0 2 (0,0) (0.7)
Now differentiating (9.7) with respect to ¢t and replacing m(8%y/8t?) by
—pD(8%y/dz*dt) — D(8%y/0z*), we get
dp dy 63y &'y
G = ) (G =D [5G+ ngg)de
3

8%
i / amzazatd”m"(at(o )" + may(0, t)at2(0 1).

Integrating by parts, we have from above

dp Oy 83y oy dy 0%y Py \1
dt m/ (at) de - D[y(ax3+”82:38t) ax((?:n"’—*—“@z?at)]o

._D/ d:c + mh( gtj(O,t))2 + mhy(O,t)a‘g(O,t).

Applying the boundary conditions (9.1), it yields

ERNC I L RRENC COR S

since & =my/D, A =1/D. We note that

|m/ y—y-d:cl_ 2/ [ ] 2 (9.9)

and
Oy m [0y 2 2
(0,050 0,0] < T (F00,0)" + (s0,1)7]- (9:10)
Again by Wirtinger inequality (cf. [80]), we have

/ [y(2,t) - 9(0,1)] "dz < Ef '(gg(z,t))’dz (9.11)

90
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which can be written as
! 2 2 41* 1t 8y 2
/0 (y(2,8)) dz +1(3(0,8))” < 24(0,2) / y(z,t)de + — / (52e.) ds
1 2 42 Oy 2
= h4 . 12
< 21(y(o, t)) ( / y(z, t)dz) = ( ax(z,t)) dz (9.12)
Applying the inequality of the form
! 2 ! !
2 2
(/0 fgd:c) S/(; f d:z:/o,g dz, (9.13)
we have from (9.12)
2 2 4l LrOyy2 v
/ yidz <2l[( (0,1)) +5 (5;) dz|. (9.14)
Also since (8y/8z)(0,t) =0, we have
L, Oy 2 412 &y
hd 4 < X .
/0 (333) dz < (62:2) dz (9.15)
and there exists a constant K > 1, independent of ¢ such that
2 L, By 2
<KP | (=) dz. .
(y(0,8))" < K1 fo (53) ds (9.16)
By the use of (9.9)-(9.10), (9.14)-(9.16), we can write
lm/ Yoo H iz + mpy(0, t)a (0, t)l < RyE(t), (9.17)
for some suitable positive constant Ry, 1ndependent of both ¢t and p, and
<l / )’dz < wE(t) (9.18)
in virtue of (9.2). Thus from (9.6), we find
(1 - enRo)E(t) < E(t) < [1+ en(Ro + )| E() (9-19)

with the help of the relations (9.7), (9.17) and (9.18). Again differentiating (9.6) with
respect to ¢ and using (9.3) and (9.8), we obtain

= ulefm <Zy> o [/ D(m)'dd
e [ D(5 % de + (cum ~ 8) ((0,0)’

< W5/ <2’:>d - [ D() ] + (B - 8) (Fo.0)’
—%[/0 (m(%%) +D(z z) )d:c-i—mh(%(o,t))z]. (9.20)
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In the same way in virtue of (9.14) and (9.15), we can have

L, Byn2 2 1613 i, B8Py \2
f @Yoo <al(Goo) 20 [ (g o

Utilizing (9.21), the relation (9.20) can be written as

dE.
dt

< u[486ml4/1r4 - D] /Ol (az?({)t)zd”’

o 2
+[3ep(mi +ma/2) - b] (a—’t’(o,t)) — epE(). (9.22)
If we choose ¢ < €y, where
¢ = min { Drr* /48ml*, 2b/(6uml + 3uma), 1/(uRo + 42}, (9.23)

then from (9.22), it follows that

dE,
dt

and at the same time we have from (9.19)

+euE(t) <0 (9.24)

pleE(t) < E(t) < poE(t), (9.25)
where
po =14 eRop + e’ (9.26)
is a quadratic function of p. Introducing (9.25) into (9.24), yields

dE,
dt

+BE(t) <0, (9.27)
where
p=%L50. (9.28)
Ko :
Now multiplying (9.28) by €®* and integrating over 0 to #, we obtain
E(t) < e ®E/(0), for t > 0. (9.29)
Then finally, with the help of (9.25), it follows from (9.29) that
E(t) < Me ®E(0) for ¢t >0, (9.30)
where

M= ;"2% >1. (9.31)
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9.4 Concluding Remarks

Since the energy E(t) defined by (9.2) of the system (9.1) decays exponentially,
ie, E() — 0as t — +o0o, we conclude that the solution of the system decays
uniformly exponentially with time. It is obvious that the energy decay rate will be
maximum for largest admissible value of 4. From the relations (9.26) and (9.28) as we
have = eu/(1+€Rou+eu?), it follows that B increases with the increasing values of
e. The expression for A as a function of viscoelastic damping parameter p shows that
the decay rate @ will be maximum for g = 1//e. For this value of p, we thus have
Bmax = v€/(2+ Rgv/€), which will be larger for greater admissible value of €. As € is
bounded above by ¢, given by (9.23), eventually we have fAmax = Vea/(2 + Roy/&)-

In this Chapter, we have studied the uniform boundary stability of flexural vi-
brations of an internally damped flexible panel hoisted by a rigid hub at one end and
totally free at the other end. The hub dynamics leads to a non-standard boundary
condition and the overall system becomes a hybrid model. To make the problem more
realistic, internal material damping of Voigt-type has been incorporated. It has been
shown that, by applying a boundary stabilizer (viscous damping) at the hub end only,
uniform stabilization of the vibrations of the system is possible without applying any
constraints at the free end. By analogy, the method is applicable to an Euler-Bernoulli
beam instead of the panel and in this case the flexural rigidity D of the panel will be
replaced by EI of the beam.



CHAPTER 10

UNIFORM STABILITY OF INTERNALLY
DAMPED WAVE EQUATION IN A
BOUNDED DOMAIN IN R*f

10.1 Introduction

In the previous Chapters, we have particularly considered one dimensional torsional
or flexural vibrations of hybrid models of dynamics. We have discussed the uniform
boundary stability for the solution of such systems with the demonstration of both
internally damped and internally undamped flexible structures as models. We have
observed the relevence of the boundary stabilizer at one end with the other end totally
free, to procure the asymptotic behavior of the solutions of the systems. In this Chapter,
we are concerned about the uniform stability of the solution of internally damped wave
equation y” = Ay + puAy’ with small damping constant g > 0, in a bounded domain
 in R™ under mixed undamped boundary conditions. Here the prime denotes the
differentiation with respect to time and A the Laplacian in R". This mathematical
equation is simple but realistic for the dynamics of flexible mechanical structure and is
known as ‘Kelvin-Voigt’ model of viscoelasticity in which a linear spring is connected
with a dashpot in series (cf. Fung [25], Rabotnov [71]). In this case, the differential
relation between the stress o and strain e is given by o = E(e+ pe’) which is better
than ordinary Hook’s law for real elastic structures, E being the modulus of elasticity
of the structure. Earlier investigations have considered the undamped wave equation
with certain forms of damped boundary conditions proving similar and faster energy
decay rates.

tThe contents of this chapter has been published in the paper Ezponential Energy Decay Estimate
for the Solutions of Internally Damped Wave Equation in a Bounded Domain —Gorain, ‘Journal of
Mathematical Analysis and Applications’, Vol. 216, 510-520, (1997).



Uniform Stability of Internally Damped Wave...

10.2 Mathematical Formulation

Let © be a bounded connected set in R™ and let ' be its boundary which is
piecewise smooth consisting of two parts I'y and TI'; such that I' = TouTl; and
TonT;=0. We denote by v, the unit normal of I' pointing towards exterior of 1.
Let z° be an arbitary but fixed point in R™ and set

m(z) = z — z°, z € R". (10.1)
Let the two disjoint open subsets I'; and I'y of I' be defined as
m(z).v(z) > 0 on I (10.2)

m(z).v(z) <0 on Ty, (10.3)
where . denotes the scalar product in R™.

Herein we shall study the uniform stability of the internally damped wave equation
y' = Ay + pldy’ in € x(0,00) (10.4)

with the following undamped mixed boundary conditions

y=0 on T x (0;00) | (10.5)
Oy/6v =0 on TI'; x(0,00) (10.6)

and initial conditions
y(0) =y and ¥'(0)=wn in Q (10.7)

!

where denote the time derivative, A the Laplacian in R™ taken in the space

variables and g > 0 is the small internal damping constant.

Physically, equation (10.4) occurs in the study of vibrations of flexible structures
in a bounded domain governed by the Kelvin-Voigt model of viscoelasticity. The mo-
tivation for incorporating internal material damping in the wave equation as in (10.4)
arises from the fact that, inherent small material damping, usually uniform of constant
measure (g in the Voigt model), is always present in real materials (cf. Christensen
[16]). Hence from the physical point of view we say that internal structural damping
force will appear so long as the system vibrates.
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10.3 Energy of the System

The total energy E(t) for the solution of the system (10.4)-(10.7) defind by

B(t) =5 L +19yP)de. (10.8)

The question of uniform exponential decay of energy of the solution of the undamped
wave equation in €0 has been studied by a number of authors—Chen [6], Lagnese [42],
Lasiecka and Triggiani [46], Triggiani {86], and Lions {52]. They considerd the following
prototype system :

y' = Ay in Q x(0,00) (10.9)
y=0 on Ty x (0,00) (10.10)
dy/dv = —b(z)y’ on I x(0,00) (10.11)
y(0)=y and y'(0)=wu in Q (10.12)

where b(z) € L=(T;), b(z) > by > 0; that is boundary damping is essential on some
portion T'y(Ty # ¢) of the boundary I'. They proved result of the form

E(t) < Me™®E(0), t>0 (10.13)

M >1 and B > 0 being some constants. Later, Lagnese [43] and Komornik {37]
obtained somewhat faster energy decay rates for certain forms of b(z). Also Chen [9]
demonstrated faster energy decay rate when external damping 24y’ is present in the
left hand side of (10.9). In the method of treatment [9,37,43] adopt direct method by
constructing suitable functionals related to E(t), where as [6,42,86] employ semigroup
theory (cf. Pazy [69]) in as much as the underlying operator of the system generates
strongly continuous contraction semigroup.

Establishment of uniform exponential energy decay of the form (10.13) is now
sought under natural boundary conditions (10.5) and (10.6), without having to introduce
boundary damping. Here, the exponential decay rate will depend on x and we adopt a
direct method such as in Komornik [37], Lagnese [43] for extracting the functional form
of this dependence. In contrast, Chen and Russell [14] considerd generalised operator
version of (10.4) of the form g%" + By + Ay = 0 to study the analf'ticity of the
semigroup of contraction over suitable Hilbert space of the underlying operator. Also,
several examples of partial differential equations with boundary or point control have

been illustrated in Lasiecka and Triggiani [49] which can be reduced to the abstract
form.
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Now by differentiating equation (10.8) with respect to ¢ and replacing y” by
Ay + pAy' from the governing equation (10.4), we obtain

E(t) = [ [y(Ay +udy) + (Vy.Vy) da.
Applying Green’s formula we have
E(t) = /ry’(% + u%%) dT — u/n |Vy'[*dz

= —p /,, |Vy'|*de, (10.14)

where the boundary conditions (10.5)-(10.6) have been used. We thus have
E'(t)<o0 for t>0. (10.15)

Hence energy is nonincreasing with time, i.e.,

E(t) < E(0) for t>0. (10.16)

We establish from the negativity of the right hand side of (10.14) that the energy of the
system is dissipating due to the presence of internal material damping of the system.

10.4 Uniform Stability Result

The validity of the uniform exponential decay of E(t) for the problem (10.4)-(10.7)
follows from the Theorem:

Theorem 10.1. Let y be a regular solution of (10.4)-(10.7). Then the energy
E(t) < Me™®E(0), t>0

for some reals M >1, > 0 of the form 8 = u/(au®+bp +c¢c), a, b, c > 0 and for
all initial states yo € HE (), y1 € H'(R) where, HZ () ={y|y € H*(Q), y=0o0n
I'o} and H*(Q), k being positive integer, is the classical Sobolev space of real valued
functions y whose partial derivatives defined in the distributional sense of order < k
lie in L%(Q).

Before proving the above main Theorem, we first establish the followings.

Lemma 10.1. If y be a regular solution of the equations (10.4)—(16.7), then the
funtion p,(¢) defind by

7

. |
a(t)=3 | (IVy'* + |1Ay[?)dz (10.17)
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is nonincreasing for ¢ > 0.

Proof. Differentiating (10.17) with respect to ¢ we obtain

p'i(t) = /ﬂ [(Vy.vy") + AyAy'|dz.

Use of (10.4) the above yields

- l'a ' '
Pit) = [y oedl — u [ 18y Pde (10.18)

where we have used the Green’s formula. Further, using the boundary conditions (10.5)
and (10.6) we have

o(t) = -u [ |ayPds <o. (10.19)

Hence p;(t) is nonincreasing for ¢ > 0. We conclude that

p1(t) < p1(0) for t > 0. (10.20)

Lemma 10.2. Let y be a regular solution of (10.4)—(10.7). If we define a function
F(t) by
F(t) = /ﬂ [Vy(m.V)Vyde (10.21)
then |F(t)| < Kp,(t) for ¢ >0, where K > 1 is a constant, independent of ¢.

Proof. From equation (10.21) we can write
F@)] < [ 1991(m.V)Vylde < 5 [ (199 +1(m.9)V[?) de. (10.22)
~Ja ~2Ja
We now define a constant K >1 so that we can write
/ﬂ |(m.V)Vy| de < K /9 |Ay|2dz. (10.23)
It follows from (10.22) then
|F(t)] < Kpi(t) for ¢t > 0. (10.24)

Hence the Lemma follows.

The inequality of the form (10.23) can be written due to the fact that the ex-
pressions m;(8%y/0z,8z;) can be reduced to the form M, (8%y/dz;) by suitable
orthogonal trasformation of the axes z; (j,k=1,2,...,n) and Ay is invarient with re-
spect to orthogonal transformation (cf. Edwards [20]), the usual summation convention
of repeated indices being used.
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Lemma 10.3. For every y € H(Q)
2dz = wl|y|*dr. 10.25
/Q [2y(m.V)y + nly[?] dz /r m.vly|2dT (10.25)
Proof. We have
2 _ 2 2
A [29.(m.V)y +nlyP]de = /Q [(m.V1y[?) + nlyl?] de
= /Q div(mly|?)dz

2
= m. dar'.
| /I, vyl
Hence the Lemma.

Lemma 10.4. If y be a regular solution of (10.4)-(10.7), then

p'(t) + npo(t) + 2 F (1) + 2E(1)

< 12 . 112 . 2 .
_p./ro|mu||Vy|dI‘+/rlmVy ar (10.26)
where,
o(t) = /,, [24/(m.Vy) + (n — 1)yy'] dz (10.27)
and +1
_ " 2
polt) = =5 /,, IVyl2dz. (10.28)

Proof. Differentiating (10.27) with respect to ¢ and replacing y” by Ay+uAy’
we have

/&) = [ 28y +uly)(m.Vy) + (n - 1)(By + wdy )y + 24/ (m.Vy') + (n — 1)y da.

Applying Green’s formula we obtain

PO = [ [amvy)+ (n 1] (oL + wol]ar
—/Q [2V(m.Vy) +(n— l)Vy] V(y + py')de
+./n {Zy’(m.Vy') +(n— l)y'z]d:c.

Using the boundary conditions (10.5) and (10.6) we have
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pt) = / 2(2 +ug—)(m Vy)dr
- /Q 2(Vy + (m.V)Vy) + (n - 1)Vy|.V(y + py')de
+ / [2y’(m-Vy’) +(n - 1)y”|do
= [ 2+ wel)on.y)ar - [ [Ty (m9) V) + iV de
+/ [2y(mv )y +ny' ]dw—-Zu/ Vy'( mV)Vy]

—u(n+1) [ (Vyy)da - [ (1Vyl +y?)de,

since V(m.Vy) = Vy+ (m.V)Vy. Applying Lemma 10.3 for Vy and y’, we obtain
from above

PO = [ 2(ZL+uL)m )l + [ m(y® - VyF)ar

= 2uF(t) - ppo'(t) — 2E(1), (10.29)

with the help of (10.8), (10.21), (10.28). Since y =0 on Iy, Vy = v(0y/0v) and
|Vy|? = |(8y/8v)|* onTy. Also m.v >0 on I';. Hence we have from (10.29)

PI(t) + wo'o(t)+2uF(t) + 2E(2)
< /I‘o m.v|Vy|2dl + 2u /Fo m.v(Vy.Vy')dl + ‘/Fl m.vydl
< /;0 m.v|Vy|dl + /Fo |m.u|(|V;q|2 + u2|Vy'|2)dI‘ + /[:! m.vy'dl
< ut /I‘o |m.v||Vy'|2dT + /F; m.vy'?dl

since, m.v <0 on Ty, m.v+|m.v|=0 on I',. Hence the Lemma.
We are now ready to prove the main result.

Proof of the Theorem. We define a function G(t) forall >0 as
G(1) = AE(t) + k[p(t) + ppolt) + r(1)] (10.30)
where A is a positive constant defined by

24r < '2 10.31
[ may dI‘_A/QIVyId:c (10.31)
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for all y' € H} (2). We also define the positive constants Ag, A1, and Az by

E(t) < Aopi(t) (10.32)

2 2

/Q yidz < A, /ﬂ IVyldz (A > 1) (10.33)

and
) . 112 < 112 .
/FO im.v||Vy'[2dT < ,\2/Q |Ay|de (10.34)

for all y € HE (). Inequalities (10.32) and (10.33) arise due to Poincare. Inequalities
(10.31) and (10.34) follow from the combination of Poincare inequality with the Trace
inequality in H2(2) (cf. Aubin [1]). Here all A, XA, A1 and A, are independent of t,
depending only on the set £ in R™ and eventually on z°. They are also independent
of initial value of {yo, ¥1}. Their explicit determination is in general very difficult.

Now we have from (10.27)

2
< [2Ro+ (n— 1)M| E(¢) = CoE(t) (10.35)

b0 < Ro [ (" +19yP)dz+ "o [ (32 4y %)ae

where, Ry = sup{|m(z)| : z € 2} and Cp =[2Ry + (n —1)\;]. From (10.28) we also
have

0 < po(t) < (n+1)E(2). (10.36)
With the help of (10.32), (10.35) and (10.36), it follows from (10.30) that

(A+ /X0 — nCo)E(t) < G(2)
< M+ u(Co+pn+1)|ER) +po(t).  (10.37)

Now differentiating (10.30) with respect to ¢ and applying (10.14), (10.19) and Lemma
10.4, we have

G'(8) = AE'(t)+p[('(t) + uo'o(t) + £'s(8)]
< — 712 [ 2 . 12 . 2
< ,\u/Q|Vy| dz + plp /Folmu||Vy| dI‘+/rlmuy dr
~2uF(t) ~ 2B(t) - p | |Ay'|2dz].
0
Applying the inequalities (10.31), (10.34) and the Lemma 10.2, we obtain

G'(t) < Wi(wha - 1) [ 189/ dz + 2p[pK pi(t) - B()]- (10.38)
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Now since {y{;, n} € HE (Q) x H(Q), therefore, from the inequalities (10.20) and
(10.16), we have p1(t) < p1(0) < oo and E(t) < E(0) < oo. Hence there exists a
positive constant K, such that

m(t) < KoE(t). (10.39)

We can assert that K, is finite, provided that sup{p:(¢)/E(¢)} is finite for all
t > 0. We can define a finite constant K* > 1 by the Poincare inequality

/Q \Vy/|?dz < K /Q Ay PPde (10.40)

for all 3 € HE(Q). Applying this inequality, we have from (10.14) and (10.19),
E'(t) > K*p';({). As E'(t) and p'y(f) are both negative, we conclude that p,(t)
decreases faster than FE(t) and the assertion follows.

By (10.39), the inequality (10.38) can then be written as
G'(t) < Wi(uda = 1) [ 18y Pde + p(2uK Ko~ 1)E(t) - pE(1). (10.41)

Let .
p < min{l/X,, 1/2K Ko, A/Co}, (10.42)

which determines here an upper bound of the value of x consistent with stability, we
then have from (10.41)

G'(t) < —pE(t) (10.43)
and at the same time we have from (10.37)
f—E(t) <G() < [A+u(Co+u(n+1) + Ko) E(t)
0
= poE(1) (10.44)

where the positive constant
po=ap* +bu+c (10.45)

is a quadratic function of u, and a=n+1, b = Co+ Koy, ¢ = A are independent of
it. Use of (10.44) in (10.43), yields the differential inequality

G'(t)+BG(t) <0 1>0, (10.46)

where
B = ufuo. (10.47)
Multiplying (10.46) by €®* and integrating from zero to £, we get

G(t) < e ?G(0) t>0.
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Eventually it follows from (10.44) that
E(t) < Me P*E(0) for t > 0 (10.48)
where,

Koo
i

M =

>1 (10.49)

in virtue of equation (10.44).

10.5 Concluding Remarks

The expression for S in (10.47) with (10.45) as a function of the viscoelastic
damping parameter g shows that the decay rate is maximum for p = (/A/(n+1).
Hence from (10.42), the maximum decay rate is attained for

p= min{1/As, 1/2KKo, A/Co, \/A/(n+1)}. (10.50)

Properties of the decay rate is restricted by the lack of explicit knowledge in general, of
the constants A, Ay, K, K,, Cy appearing in the expression.

This study deals with the exponential decay of the solution of the internally damped
wave equation (10.4) together with boundary conditions (10.5) and (10.6) and initial
conditions (10.7) in the sense of decay of the total energy according to the stated
Theorem. The problem considered here is a generalization of abstract dynamical system
with internally damping term. This is the main interest of this analysis, since internal
structural damping is always present in actual systems (cf. Christensen [16]). The
boundary conditions are standard without boundary damping. For establishing the
stability theory, recourse is taken to the available methods of functional analysis, basing
the main result on the necessary Sobolev spaces for the initial values of the system.
Finally we conclude that systems of such type ultimately go to rest due to their own
material damping property.



CHAPTER 11

BOUNDARY STABILITY OF INTERNALLY
DAMPED WAVE EQUATION IN A
BOUNDED DOMAIN IN R"t

11.1 Introduction

The formulation of the mathematical problem in the last Chapter, has put for-
ward one step towards the generalization of linerized wave equation to Kelvin-Voigt
viscoelastic materials, where the stress is not simply proportional to strain. There are
many flexible structures, the dynamics of which are complicated and non-linear in prac-
tice. Linearized models are thus sought for simplicity and more accurately to describe
~ the physical phenomena exactly to some extent. In this Chapter, we move further to
generalize linearly the mathematical formulation of the last Chapter to more realistic
model for the dynamics of flexible mechanical structures. In fact, we are concerned
about the uniform boundary stabilization of the mathematical problem satisfying the
differential equation y” + Ay” = ¢*(Ay + pAy’), 0 < XA < p, in a bounded domain
2 in R™ with smooth boundary T'. Such equations arise in the vibrations of flexible
structures possessing internal material damping and modeled by the Standard Linear
Model of viscoelasticity, in which a linear spring is connected in series with a combina-
tion of another linear spring and a dashpot in parallel (cf. Fung [25], Rabotnov [71])
and the stress o and strain e are related by o + Ao’ = E(e + pe’). Explicit form of
exponential energy decay rate is subject to investigation for the solution of the above
problem with a velocity feedback at the boundary.

11.2 Mathematical Formulation

Let @ be a bounded open connected set in R™ having a boundary T’ consisting
of two parts Ty and I'; # 0, I, being relatively openin I'. Let zo be an arbitrary

tThe contents of this chapter have been published in the paper Stability of the Boundary Stabilised
Internally Damped Wave Equation y" + My = c¢?(Ay + pAy') in a Bounded Demain in R™ —Bose
and Gorain, ‘Indian Journal of Mathematics’ Vol. 40, 1-15, (1998).
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but fixed point in R™ and let

m(z)=z -z (z€R") (11.1)
with

R, = itég{lm(z)l}, (11.2)

such that

m(z).v(z) <0 on Ty, | (11.3)

m(z).v(z) >7y>0 on T, (11.4)

where v denotes the outward unit normal to I' and . the scalar product in R™.
With (11.3) and (11.4) in view we further stipulate that,

(i)if To#0, T isof class C* with TonT; =9,

(i) if To=0, T is convex with ToNT; =9,
and T' = FO U Fl'

Let b(z) be an L*(T) function satisfying b(z) > by > 0 on TI;. We now
consider the problem

¥ + Ay = E(Ay +pAy)  in Qx (0,00), (11.5)

subject to the mixed boundary conditions"

y=0 on TIyx(0,00), (11.6)
0
51% =-by on T, x(0,00), (11.7)
and the initial conditions
¥(z,0) =3, ¥'(z,0)=y and 3"(z,0)=1y,, (11.8)

where primes denote time derivatives and A the Laplacian in R™ taken in the space
variables, A,z being small positive constants satisfying A < u and ¢ > 0 a constant.
In (11.7), b is of the nature of small viscous boundary damping coefficient, with b,
as small positive constant.

Physical motivation for studying the problem (11.5) arises from the problem of
vibrations of an elastic structure with internal material damping, however small always
present in real materials (cf. Christensen [16]). A simple but realistic model for the latter
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is the so called ‘standard linear material model’; in which a linear spring is connected
in series with a combination of another linear spring and a dashpot in parallel (cf. Fung
[25], Rabotnov [71]). In this case the differential relation connecting stress o and strain
e is given by .

o+ Ao’ = E(e + pe'). (11.9)
Equation (11.9) models real flexible mechanical material better than ordinary Hooke’s
Law. Torsional and longitudinal vibrations of a linear uniform structure leads to (11.5)
in one-space dimension and equation (11.5) is its generalisation in R"™. The case A =-0

for the so called Kelvin-Voigt model of viscoelasticity has been treated in the previous
Chapter.

We notice in the boundary conditions (11.6) and (11.7) that there exists a Neumann
action on the boundary I'; and zero Dirichlet action on the boundary T'y. In fact, the
boundary I' comprises partly of a nontrapping reflecting surface and partly an energy
absorbing surface. Eventually the action on the boundary T'; entails the viscous
damping (velocity feedback damping) on the boundary T;.

For the sake of simplicity, we substitute
u=y+ Ay (11.10)
for the system (11.5)-(11.7). The governing differential equation (11.5) then becomes
v’ = Au+ (- A)Ay  in Q x (0,00) (11.11)

and the boundary conditions (11.6)—(11.7) change to

v=0 on Tyx(0,00), (11.12)
Ou ,
o —bu’ on T4y x(0,00). (11.13)

Evidently, the system (11.10)-(11.13) is equivalent to the system (11.5)-(11.7).

11.3 Energy of the System

To define the energy E(t) of the system (11.10)—(11.13), we first multiply (11.11)
by u' and integrate over {2, which on application of Green’s formula yields

/ﬂu"u’dz = czfr {% + (e — A)%yl;-] u'dl — ¢ /(; [Vu + (p — A)Vy’] Vu'dz. (11.14)
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Applying the relation (11.10) and the boundary conditions (11.7), (11.12) and (11.13),
we obtain from (11.14)

10

e 2 2 2 — _p2 b’2dF—-2 —/\/b” '+ Ay )dT
250 (0 val)de = =& [ wtdr - - 3) [ 0+ 2

~¢(p =) [ VY V(' + AVy')da,

which can be rewritten as

10

28t Ja [ + | Vul® + (- ,\))\]Vyl}daH— ~c*(p — )\) /b’zdl‘

- budl — ¢X(u — AA/ by"?dl — (u—/\)/Q|Vy'|2dz. (11.15)

Iy

At this stage, if we define the energy of the system (11.11)—(11.13) by the functional
1
E(t) =5 / [ + ¢*[Vuf? + A — N)[Vy[ldz + 56— A) /P by?dl  (11.16)
1
where u and y are related by (11.10), then clearly it follows from (11.15)

E'(t)= —c* | bu*dT — c*(u— )\))\/ by"*dl — ¢*(p — /\)/ |Vy'|*dz. (11.17)
Ty Q

Iy

From (11.17) it follows that E’(¢) < 0, that means, the energy E(t) is nonincreasing
with time and hence

E(t) < E(0) for ¢>0. (11.18)

The third integral in (11.17) shows that energy of the system is dissipating throughout
the domain due to the presence of the internal damping of the system and similar is the
case from the first two integrals due to viscous boundary damping of the system.

There are several papers on the problem of boundary stability for the solution
of wave equation in a bounded domain (cf. Chen [6,9], Lagnese [42,43], Lasiecka and
Triggiani [46], Komornik [37], Komornik and Zuazua [38] and Lions [52], to name but
few). Chen [6] first established explicitly the exponential energy decay rate for the
solution of wave equation by considering certain geometries of the domain. In order
to obtain stability of the wave, distributed viscous boundary damping is taken into
consideration. Later, Chen [9] treated the wave equation having both distributed viscous
damping and boundary damping. The theory of boundary stabilization of wave equation
has been improved by Lagnese [43]. Komornik [37] obtained faster energy decay rate
for such problem by constructing a special type of feedback.
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11.4. Uniform Boundary Stability Result

The main result viz., the uniform exponential stability for the solution of the above
system (11.10)—(11.13), is follows from ensuing Theorem.

Theorem 11.1. If for every initial values {yo,1,¥2} for which E(0) < oo, then
the energy E(t) of the system (11.5)-(11.8) converges to zero uniformly exponentially
as t — +oo. In other words, E(t) satisfies the result

E(t) < Me P E(0) t>0, (11.19)
for some reals M >1 and § > 0.

The result (11.19) will be obtained after some preliminary steps.

Lemma 11.1. For every u € H(Q)
27 _ 2
/‘)[2u.(m.V)u+n|u| |dz = /Fm.uiul ar

where H*(1) is the classical Sobolev space of real valued function of order one.

Proof. We have
/()[2u.(m.\7)u+n|u|2] dz = /‘;[(m.V|u|2)+n|u|z]dz

= /ﬂdiv(m|u|2)dm
= /m.u|u|2dI‘.
r
Hence the Lemma.

Lemma 11.2. If y(z,t) is a regular solution of (11.5)—(11.8), then the function
p(t) defined by

1 ne .2 2 2 (1 — A)A / "2
1) — .20
p(t) / (Wu] + ¢*|Au| )d:c +c |AY'|*dz, (11.20)
is nonincreasing with time.

Proof. Differentiating (11.20) with respect to ¢ and then replacing c*Au by
u” — (s — A)Ay' from the relation (11.11), we obtain

p't) = _/9 (u"Au' + Vu’.Vu”) dz — c*(u — )\)/Q Ay (Au' — AAy”) dz.

Applying Green’s formula, and using the relation (11.10) and the boundary conditions
(11.12)~(11.13), we get

o(t) = — /F bu"dT - (- ) /n |Ay'2de. (11.21)
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Thus the function p(¢) is nonincreasing for ¢ > 0 and we have p(t) < p(0), for
t>0.

Lemma 11.3. If y(z,t) is a regular solution of (11.5)-(11.8) and ¢ is a small
but fixed positive real, then

Po(t) + pr(t) + po(t) < —2E(t) + c*(n - /\)[K(# - /\)/Q |Ay'*dz + Ko/Q |Vy'|2dw]

ec’(n ~ 1)*(u+ A) K, 2 2 1
7 /{; |Vu|*dz — 2¢*(p — )\)/Q (Vy .(m.V)Vu)d:c
R, b A(p - M)A
2 0, YN 2 [ "2
+o0 [ (F+ g )utar + S . byar (11.22)
where
po(t) = /(;2u'(m.Vu)dm, (11.23)
= —1 ! .
() /Q (n — 1)uu'dz, (11.24)
1
palt) = 5(n+1)e(u - A) [ |Vylde, (11.25)
and the constants K, K,, K, are independent of ¢, defined by the inequalities
. "2 < 142
/1:0 |m.v||Vy'|*dl’ < K/;2 |Ay'|*dz, (11.26)
/n by?dl’ < KO/Q \Vy'[2dz, (11.27)

forall ' e HR () ={f : f € H¥Q), f =0 on Ty} and
2 < 2
[ b < Ky /Q Vu|?dz, (11.28)

forall we HE () ={f : fe HY(Q), f =0 on Ty}

Proof. Differentiating (11.23) and (11.24) with respect to ¢ and using (11.11),
we have

po(t) +p1(t) = 2c2/n {Au +(p — )\)Ay’](m.Vu)d:c +2 /(; u'(m.Vu')dz

. 2 2
+(n —1)c ‘/Q [Au + (- /\)Ay’] udz 4+ (n — 1) /Q u“dz. (11.29)
Applying Green’s formula (11.29) gives

o) + () = 26" [ [2+ (u = N (mva)ar + (n - 1) [ (24 (- 2 Z Juar

— 2c /ﬂ [Vu+ (1 — N Vy].V(m.Vu)dz - (n - 1)c? /Q [V + (1 — \)Vy].Vudz

+ 2/nu’(m.Vu')dm +(n—1)/ﬂu’2d:c.
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Since, V(m.Vu) = Vu + (m.V)Vu, from above after a simplication leads to

pol(t) + pi(t) = c"’/P [2(m.Vu) +(n— 1)u] [g% +(p— A)g—i’:]dI‘

- c2/n [2Vu.(m.V)Vu +(n+ 1)|Vu|2] dz + /n [2u’(m.V)u’ +(n— l)u’z]dz.
- Ap— A)[) [2Vy'.(m.V)Vu +(n+ 1)Vu.Vy’] dz. (11.30)

Applying Lemma 11.1, (11.30) yields
ph(t) + pi(t) = ¢ /F [2(m.Vu) + (n — 1)u] [%’5 (u— ,\)%]dr + /F m.v(u? - ¢|Vu|?)dl
—/n (u'2 + c2|Vu|2) dz — 2c*(p — /\)/;2 (Vy’.(m.V)Vu) dz

1, 9 2 2 ‘ / "2
5¢ (u )\)(n+1)at/{)|Vy| dz — c*(p — A)(n + 1)A Q|Vy[ dz.
With the help of the energy equation (11.16) and relation (11.25), the above becomes

PO+ A48+ o(®) < ¢ [ [2(m.Vu) + (n = ][5 + (= N L ]ar

+/Fm.u(u’2 — 62|Vu|2)dI‘ + *(p - )\)/F by'2dl’

—2¢%(p — )\)/Q [Vy’.(m.V)Vu] dz — 2E(t). (11.31)
Applying the inequality (11.27), the relation (11.31) gives

9
Ov

+/rm.u(u/2 _ c2|Vu|2)dP+ EKop — }\)/{; Uy Pda

Pt + i) +p5(8) < & [ [2m.Vu) + (n - 1)y [%Hu—/\) dr

~2¢%(p — ) /Q [Vy'.(m.V)Vu]dz - 2E(2). (11.32)
Now we consider the boundary integrals in (11.32) and set
Ou ay’
— o2 _ ou _n%Y
X=c /F[2(m.Vu)+ (= 1] [52 + (k= NZ5]r (11.33)
and
Y = v(u? - 2)dr. .
/Fm u(u c”|Vul )d (11.34)

In the sequel, we use the following inequalities
1, , 1, .
lab] < E(aa + =b ), for any positive real a, (11.35)
o

(a+ b)? < 2(a® 4 b?), (11.36)
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and combination of (11.35) and (11.36) gives

2
(e +b)el < afa® + ) + 5. (11.37)

Since y =0 on Ty, Vy = v(8y/6v) and |Vy|* = |(8y/6v)|* on Ty and also
since =0 on [y, Vu =v(8u/8v) and |Vu|? = |(8u/8v)|? on T,. Applying these
(11.33) can be written as

X = czﬁOZ(m:v)[(g%)z (p—2A %%

+c2/r [2(m Vu)+ (n — 1)u] [ +(p— A)%%]dI‘

]dr

IN

c2/ 2(mu)( )dI‘+c2(u ,\)/ |mu|[ 1,\(%%)2”” ,\)(gi)]dr
vt [ 1 b[e (4Im.Vul? + (n - 1)%2) + ;—z]dI‘

+c?(p — /\)/ b[i (4|m.Vu|2 +(n — 1)2u2) + /\Lm] dl’ (11.38)
'y 2 €

where we have used the inequalities (11.35) and (11.37) and the boundary conditions
(11.7) and (11.13). Since m.v <0 on Iy, we have m.v+ |m.v| =0 on Ty and
hence from (11.38),

p+ A

Oun2
< ¢ . - 20, — )2 . 2 22
X < C/r(,(mu)(au) dl' + c*(u — A) Aolmu||Vy|dP+2ecR0 )

b|Vu|*dT
I

2+ A 2 ¢’ ” 2 (B —A)A "2
— — R . 11.39
+ec?(n — 1) T Flbu.dI‘+2€/l:lbu dl' + ¢ . /Flby ar. ( )
Again from (11.34), we can have similarly
Bu
< - 2 . 24T :
Y ¢ / (m.v) 6 dI‘—I—/ (m.v)udl’ — /Fl(m v)|Vu|*dl’ (11.40)

By the inequalities (11.26) and (11.28), we have from (11.39) and (11.40)

X +Y <c(u- /\)2K/ |Ay'|*dz +c2/I: [2 bRS-———-—— - 7]|Vu|2dI‘

2 2#"‘)\ 2 Ro by p 2 (= A)A "2
+ec*(n —1) K/!Vul d:c+c/ (c2 +2€>u dI‘-{-c—————————e rlby dr.

Taking € < (\y/ 2bR0)(u + A)~1, the above ultimately yields
,u +A

X+Y < c’(p—/\)zK/n|Ay’12d:c+ec( ~1)? KI/ |Vul2dz

2 & _b__a ” 2 (k= 2)A "2 4
+e /n( + = )udl + ¢ = ), by (11.41)

¢ 2
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Using the relation (11.41), the Lemma follows immediately from (11.32).

We are now ready to establish the main result (11.19) for the solution of the system
(11.10)—(11.13).

Proof of the Theorem. We now introduce a function G(t) forall ¢ >0 by
G(t) = E(t) + € [po(t) + pa(t) + pa(t)] + K (1 — A)p(2) (11.42)

and define a constant K, > 1 independent of ¢, such that

112

2dz < 2 11.43)
/‘;udm_K2/Q|Vu| dz , (11.43)

for all u € Hf (9).

Inequality (11.43) is due to Poincare and inequalities (11.26), (11.27), (11.28) follow
from combination of Poincare inequality and Trace inequality (cf. Aubin [1]).

Now we have from (11.23),

lpo(t)] < %/ﬂ (u’2 + c2|Vu|2)d:c < 2—}:—9E(t) (11.44)

and
n-—1

-1
(0] < o= [ (02 + fut)de < P K () (11.45)

by the use of (11.43). Also there exists a constant K, > 0, such that we can write

With the help of (11.44)-(11.46), it follows from (11.42) that

(o0 < o0 < oo )
+ eK(u—Np(t). (11.47)
Since € > 0 is small, taking ¢ < (2Ro/c+Ko(n—1)/c+Ks) = we have from (11.47),
eK3E(t) < G(t) < K(E(t) + eK (i — A)p(t) (11.48)

where oR .
K4=1+e{-zﬂ+n—

Ky + K3].

Now 0 < E(t) < E(0) and 0 < p(t) < p(0) in virtue of (11.18) and Lemma 11.2.
Therefore there exists a constant K5 > 0 such that

p(t) < KsE(2). (11.49)
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Thus we have from (11.48),
eK3E(t) < G(t) < KoE(t) (11.50)

where,
Kﬁ = K4 + €([l, — A)KK5. (1151)

We can assert that Ky < oo, provided that sup{p(f)/E(t)} is finite for ¢ > 0.
Invoking Poincare inequality

'I2dz < K* W2 11.52
J1vyPds < K [ |Ayde (11.52)

for all y' € HZ (), where K* is a positive number (which can be taken as large as
we please), we have from (11.17) and (11.21),

/ > * I * "2 a2 ”2 2 = //21-\.
E(t) > K"p'(t) + [K /I:lbu dr — ¢ [ budl - ¢y /\))\/nby dr]

Here, the integrals within the brackets arise from small viscous boundary damping along
I'; only, and can be suppressed by taking K* large enough to write

E'(t) > K™p'(t) (11.53)

where K™ > K*. Since E'(t) and p'(f) are both negative, we conclude that p(t)
decreases at a much faster rate than E(t) and the assertion follows.

Now we proceed with the differentiation of (11.42) with respect to ¢, to obtain
L]
G'(2) = E'(t) + elon(t) + pr(2) + pa(t)] + eK (1 — A)p'(2). (11.54)

Using the relations (11.17), (11.21) and Lemma 11.3, we obtain from (11.54)

2
/ < - 20 _ 212 2 2(n =1 (p+A) K, 2
G'(t) < —2eE(t) + cX(u — N)(eKo 1)/Q|Vy Pdz + e%c = /Q|Vu| dz
2 / 2 ERO b r”
—2c’e(p — )\)/Q[Vy (m.V)Vuldz. + ¢ /1“1 (7 - E)u dr. (11.55)

We note that,

lZ /Q[Vy'.(m.V)Vu]dm

1
< 712 . 2]
< /Q[—%Wyl + 2¢|(m.V)Vul|*|dz

1
< — "2 2 / 2 1.
< 26/‘;|Vy| dz + 2¢ K, QIAuI dz (11.56)
by the use of (11.35), and K, is a positive constant independent of ¢, defined by

/Q |(m.V)Vu|?ds < K- /Q |Auf*dz. (11.57)
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The inequality (11.57) is due to the fact that the expressions m(9°u/0z:0z;)
(j,k = 1,2,...,n) in the integrand of left hand side of (11.57) can be transformed to
the form M, (8% /8z2) (with usual summation convention of repeated indices) by

suitable orthogonal transformation of the axes z; and Awu is invarient with respect
to orthogonal transformation (cf. [20]).

Taking € < bc?/2Ry also and using (11.56), we have from (11.55)

2T A
2)

1
G'(t) < —2¢E(t) + ¢*(u — A)(eKo — —)/ |Vy'|2dz + e*c*(n — 1) K, / |Vul*dz
2% Ja Q
2e’c(p — A\ K7 [ |Aul’d
+26¢%(p — NKr [ |Aufde
Use of the relations (11.16) and (11.20), the above can be written as
y 2 2+ A 2
G'(t) < e¥n-1) ———/\———KIE(t) + 4e*(p — M) Kqp(t) — 2¢ E(t), (11.58)
where we take € < 1/2K,. By the relation (11.49), we have from (11.58)

G'(t) <e [e ((” - l)i(“ L) AT A)K5K7) - 1] E(t)— eE(t).  (11.59)

As ¢ is small, we can further suppose that ¢ < [(n—1)2(u+/\)K1/)\+4(u—)\)K5K7] _1,
and it then follows from (11.59) that

G'(t) + eE(t) <0. (11.60)
With the help of (11.50), the realtion (11.60) leads the differential inequality
G'(t) + BG(2) < 0, (11.61)

where ( = e/Kg. The constant Kg is given by (11.51) and the fixed positive number
e is the smallest of (yA/20R3)(p+A)71, (2R0/c+(n—1)K2/c+K3)'—1, bc? /2Ry, 1/2K,

and ((n =1 (p+ N K1 /A +4(p - A)K5VK7)_1. Integrating (11.61) from zero to ¢, we
obtain the result
G(t) < e G(0) for t > 0. (11.62)

Again by the use of (11.50), it follows finally from (11.62) that
E(t) < Me P E(0) for ¢ >0, (11.63)

where M = Kg/eK3. This completes the proof.

114
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11.5 Concluding Remarks

The result (11.63) gives explicitly the exponential energy decay rate for the solution
of the system (11.5)—(11.8). Since the formulation of the problem (11.5) is more general
than that of wave equation, the result (11.63) can be realised for a flexible elastic system
with internal damping satisfying the model equation (11.5), such as in the vibrations
of beams and plates. For example (cf. Rayleigh [76]), in the longitudinal vibrations of
a beam of length ¢, the strain e in equation (11.9) equals Oy/0z, where y is the
displacement along the beam, and the equation of motion is

py" = %. (11.64)
With the strain-stress relation (11.9), (11.64) leads to equation (11.5) in one dimen-
sion, where ¢ = E/p, where p is density and E the Young’s modulas of the
beam. If the end z = 0 is clamped, %(0,t) = 0 and if the end z = £ is free,
(0y/0z)(€,t) = 0. So if a damping force proportional to y’ is operating on this end,
then we have (0y/0z)({,t) = —by’(K,t), b > 0. The same set of equations holds for
torsional vibrations of the beam. Similar is the case for large rectangular panels or
strips. In multi-dimensions, we may think of shear wave propogation in infinite or lay-
ered semi-infinite solids (cf. Ewing et al. [21]). The analysis presented here estimates
decay rate of energy for the solution of such problems in a general manner.



CHAPTER 12

CONCLUSIONS

In this Thesis, we have made a presentation to study, at an advanced level of rigor, a
unified treatment of current methodologies for design and analysis of controllability and
stability of vibrating elastic structures. Mathematical control theory for distributed
parameter system is currently under extensive development in view of application to
vibration control of structural elements. Major goals of this Thesis have been the in-
vestigation and presentation of techniques for analyzing the exact controllability and
uniform stabilization of torsional and flexural vibrations of flexible hybrid structures.
The hybrid models which are totally free at one end and appropriate control force or
torque is applicable at the other end is the focal point for the suppressing the vibrations
of the overall system following prescribed initial data, with out applying any constraint
at the free end. The investigation has put forward estimated least time for exact con-
trollability in the framework of HUM, due to Lions [52]. For studying more realistic
linearized models of vibration, internal damping of the material is taken into account
in the Thesis. In this context, we point out that uniform stability for undg{ped wave
equation is impossible unless there is a boundary feedback (viscous boundary damping)
on some part of the boundary. In the Thesis we have examined the nature of uniform
stabilization of an internally damped wave equation in a bounded domain © in R"
without boundary feedback, owing to the fact that, inherent small material damping
of Kelvin-Voigt model of viscoelasticity (cf. Christensen [16]) is always present in real
materials.

Controllability and stabilization of vibrating elastic structures is an active area of
reasearch and there is a great deal more to be done. In this Thesis, we have focussed
on two types of vibrations namely, torsional and flexural vibrations governed by wave
equation and Euler-Bernoulli beam equation respectively. There are other theories of
vibrations of elastic beams and plates such as, Timoshenko beam, Rayleigh beam and
coupled torsional and flexural vibrations. Applications from the diverse point of view,
techniques and associated similar analyses are needed to be explored for the vibrations
of linked beams or multimember frames with controls at the joints, beams with lumped
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mass at end, plates of various shapes, thin cylindrical shells, loaded shells or plates
and highly flexible systems. The approach need not be restricted to vibrating elastic
systems but extended to other multidimensional dynamical systems. While we dealt
with approximated numercal result in one case, our method can be transcribed to the
other cases without much difficulty. The problem faced in the tolerance of the results
could be removed by employing finite element method and leaves scope for further work.

From the mathematical point of view, the linearized model equations of different
types of vibrations can be modified to more realistic linear models like the standard
linear model of viscoelasticity. The faster uniform energy decay rates can be looked
into under this concept with boundary feedback control or undamped boundary. The
interesting fact that there are types of mechanical damping having non-linear character-
istics in nature, the extension to non-linear boundary damping or stabilizer is a crucial
consequence for groundwork of future studies in vibrating control system. Vibrating
structural elements with accurate mathematical models are subject to investigation in
respect of boundary control of vibrations of such elements.

It should however be mentioned that there are many types of flexible space struc-
tures, the dynamics of which are complicated and non-linear in practice. The precise
form mathematical models never describe the physical phenomena exactly. Linearized
models are fabricated by analysists purely for simplicity and design, and describe the
process only approximately. Due to complexity of dynamical systems and need for con-
trol with high-quality performance, it is necessary fo develop a better understanding of
the fundamental limitations and capabalities of control system design. These types of
non-linear systems require sophisticated control strategies to achieve acceptable perfor-
mance within the uncertain environment in which they operate. Typically, the various
parameters of the systems are not known precisely a priori ; however crude estimates are
available in the literature. Due to lack of accurate model of dynamics and exact mea-
surements of parameters required in the theory, the question of robustness (cf. Dahleh
and Diaz-Bobillo [18]) of exact theory may be addressed to theoretically.

More research will be needed to develop systematic procedures for designing various
vibrating control systems which help to achieve a target performance in the presence of
uncertainty. However in more complicated systems, analytical solution is rarely possible
and it is necessary to resort to numerical techniques. The idea of robustness is essential
for successful applications to exact dynamical systems as they are very different from
linear systems having only uncertain parameters. A major problem remains to qualify
robustness for these class of system.
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Although there are greater scopes for treating extensively non-linear dynamical
systems, the systematic investigation on the linearized models are not less elegant.
Theoretical understanding endures to put forward the ways of generalization of the
linearized system and the importance of the research in linear models will never be
impeded. A mathematician always demands mathematical validity for a procedure that
would always mathematically work. We feel consequently that in the years to come,
there will be a confluence of theories and techniques for better understanding of the
variety of dynamical systems, we have described in this Thesis.

(#0597,
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